HOMEWORK 4 SOLUTIONS - MATH 300
INSTRUCTOR: George Voutsadakis

Problem 1 Consider the language of algebras L consisting of the set of function symbols F =
{4, >}, where <1 is binary and > is unary, and the set of constants C = (). Provide a list of all
possible L-terms in prefiz notation (without using parentheses) that contain only the variable x € X
and are of length at most 5 (i.e., contain at most five symbols).

Solution: We classify the terms according to their length:

Lenth | Terms

T

>x

> D>z, Xrx

>>>x, >XIr, X>rr, Xo> T
DD>D>D>x, DD Xor, >XDbrr, >XT> 2,
DI >x >, DX TLT, DX T X TT
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Problem 2 How many L-structures can one find on the set A = {a,b} when L = {+,-,—,0,1},
with +, - binary function symbols, — a unary function symbol and 0,1 constant symbols?
(Hint: See Ezercise 3.1.4 of our textbook.)

+la b
Solution: The “addition” table a may be filled-in in 2¢ = 16 ways. The “multiplication”
b
la b _
table « may be filled-in in 2% = 16 ways. The “negation” table may be filled-in in
b b
22 = 4 ways. Finally, for each of the constants in A, we have 2 choices. Thus, by the multiplication
principle, the total number of L-structures on A is 16 -16-4-2-2 = 4,096. |

Problem 3 Note that

A binary operation g : A2 — A on a set A is idempotent if g(a,a) = a,
for all a € A.

An element a € A is a fixed-point of a unary operation f : A — A if
f(a) = a.

Find the number of L-structures on the set A = {a,b,c} when L = {V,A,’,0,1}, with V,\ binary
and’ a unary function symbol and 0,1 constant symbols, if one insists that

e V and A are interpreted as idempotent operations in A;

e no element of A is a fized-point under the interpretation of ' in A.

Via b c
Solution: Since V is supposed to be idempotent, the “join” table Z “ b may be filled-in
c c
Ala b c
in 35 = 629 ways. Similarly, since A is supposed to be idempotent, the “meet” table Z @ b
c c



may also be filled-in in 3% = 629 ways. The fact that the “complementation” operation is supposed
/

to not have any fixed-points, means that its table Z may be filled-in in 23 = 8 ways. Finally,
c

for each of the constants in A, we have 3 choices. Thus, by the multiplication principle, the total

number of L-structures on A is 629 - 629 -8 - 3 -3 = 28,486, 152. |

Problem 4 (Syntax) Consider the language of algebras L consisting of the set of function symbols

F = {f,g9,h}, with f unary, g binary and h ternary, and the set of constant symbols C = (.
Consider, also

t(x,y,2) = gfgxzhygzfrfy.

(a) Show the run on t of our y-algorithm for determining syntactic validity and state clearly the
conclusions of the algorithm.

(b) Create the syntax tree for t.

(¢c) Use the recursive definition of subterms to find all subterms of t; show carefully how each step
of the recursive procedure is applied in finding the set of all subterms.

Solution:

(a) The following gives the values of v as it scans the input string:

InputSymbol‘g f 9 = 2z h y g 2z f x [y

v 00 -1 01 -10 —-100 11 2
Since all values of v before the last are < 2 and the last is equal to 2, the input string
represents a valid £-term;
Moreover, the first argument of the initial g is fgxz and the second argument is the subterm
hygzfxfy.

(b) The following is the syntax tree for ¢:

/\\
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Figure 1: Syntax Tree for t(z,y,2) = gfgrzhygzfzfy.



(¢c) We show by increasing indentations how the algorithms proceeds recursively into exploring
deeper and deeper subterms:

gfgxzhygzfrxfy
fozrz
qgrz
X
z
hygzfzfy
Yy
gzfx
z
fx
X
Ty
Y

Problem 5 (Semantics) Consider the language of algebras L consisting of the set of function
symbols F = {f,g,h}, with f unary, g binary and h ternary, and the set of constant symbols
C = 0. Moreover, let A = {a,b,c} and interpret the three functions symbols as the functions
fATA—S A, g% A2 5 A and k™ - A3 — A, given by the following:

WA
al|l b a

f at least t 1t
hA(gg,y,z) - { w, zj;;lz eqs wo of x,y,z are equal to w
Yy, otherwise

Qo e
S0 oS
QR Ofl0

Cc

(a) Consider again the term t(z,y,z) = gfgrzhygzfxfy and compute the values

(b) Create the full Cayley table for s™(x,vy), where s(x,y) = gz fgyz.

Solution:

(a) Let t(z,y,2) = gfgxzhygzfxfy. We compute the values

(i
(ii) t&

) t2(
) t(
(iii) t2(
) t2(
) t3(

tA(a,a,c) = g® fAghachBaghcfrafra = g™ fAch® aghchb = g®ah®abb = g™ab = b;
a,b,c) = gA fAg%achAbgPefAafib = g™ fAch®bghcbe = ghah®™bbe = g™ ab = b;

b,a,b) = g™ fAgAbbh A aghbfAbfAa = g™ fAch®aghbch = g™ ah®aab = g™ aa = a;
b,c,a) = g™ fAg2bahAcgbafAbfAc = g fAch®AcgPaca = g™ ah®cca = ghac = ¢

c,c,c) = gh fAghcchBeghefArefhe = gh fAbhA cg®caa = gAchPeca = ghee = b.

(iv) t&

tA

(v



(b) The operation table for s®(z,y) = gz fA¢™yz is shown below:

z y|gtyz fAgtyz | gPafretya

a a a b b

a b c a a

a c c a a SA‘a b c
b a b c a a |b a a
b b c a c b |la ¢ a
b ¢ b c a c |c b b
c a c a c

c b a b b

c ¢ b c b

Therefore, the Cayley table is the one shown on the right above.
[

Problem 6 Suppose that our language of algebras has a ternary function symbol h. Moreover, let
A =1{0,1,2} and suppose that h™ : A> — A is the function

hA(a,b,¢) = a—b+ ¢ (mod 3).

Find the values of the term functions associated with the indicated term at the arguments shown:
(a) t(z) = hhzxxxhzzx at 1;
(b) t(z,y) = hxhaxyzy at (0,1);

(
(
(z,y,2) = hzhyzhxyzz at (0,1,0);
(
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(d) t(z,y,z,w) = hhyzhwryzhwzw at (0,1,0,1).
Solution: We evaluate the corresponding term functions:
(a) tA(1) = BARAL1I11AA 111 = AA11L = 1;
(b) t4(0,1) = hA20hA0101 = KA021 = 2;
t4(0,1,0) = RA0RA 1020100 = RA0AA1020 = 2000 = 0;
(d) t4(0,1,0,1) = hAAA10RA1010R2 101 = KAKA10202 = RA002 = 2.



