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Abstract.  Wdjcicki has provided a characterization of selfextensional logics as those
that can be endowed with a complete local referential semantics. His result was extended
by Jansana and Palmigiano, who developed a duality between the category of reduced
congruential atlases and that of reduced referential algebras over a fixed similarity type.
This duality restricts to one between reduced atlas models and reduced referential algebra
models of selfextensional logics. In this paper referential algebraic systems and congru-
ential atlas systems are introduced, which abstract referential algebras and congruential
atlases, respectively. This enables the formulation of an analog of Wojcicki’s Theorem
for logics formalized as m-institutions. Moreover, the results of Jansana and Palmigiano
are generalized to obtain a duality between congruential atlas systems and referential al-
gebraic systems over a fixed categorical algebraic signature. In future work, the duality
obtained in this paper will be used to obtain one between atlas system models and ref-
erential algebraic system models of an arbitrary selfextensional w-institution. Using this
latter duality, the characterization of fully selfextensional deductive systems among the
selfextensional ones, that was obtained by Jansana and Palmigiano, can be extended to a
similar characterization of fully selfextensional w-institutions among appropriately chosen
classes of selfextensional ones.
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1. Introduction

In Abstract Algebraic Logic (AAL) [4, 8, 13, 14] the basic objects of study
are sentential logics (or simply logics, also referred to as deductive sys-
tems), i.e., pairs of the form S = (£,Fs), where £ is a language type (a
set of logical connectives or operation symbols of finite arities) and Fg C
P(Fmg(V)) x Fmg(V) is a structural consequence relation on the set of
L-formulas Fm, (V) formed in the ordinary recursive way starting from the
variables in a fixed denumerable set V' and using the connectives in L.
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On the other hand, in Categorical Abstract Algebraic Logic (CAAL)
[21, 20], the basic objects of study are m-institutions [11] (see, also, [16, 17]),
which are triples of the form Z = (Sign, SEN, C'), where Sign is an arbitrary
category, SEN : Sign — Set is a set-valued functor and C' = {Cs.}s¢|sign| i
a collection of closure operators Cy, : P(SEN(X)) — P(SEN(X)), such that,
for all ¥1,%5 € [Sign|, all f € Sign(X;,¥2) and all X C SEN(3),

SEN(/f)(Cx, (X)) € Cs, (SEN(f)(X)). (1)

Due to the fact that the morphisms in the category Sign may be taken as
abstractions of the operations of substituting formulas for variables in the
AAL-context, Relation (1) is sometimes seen as abstracting the structural-
ity of kg in the categorical context. To make this idea more precise, we
provide, next, an example that illustrates how a sentential logic S = (£, Fs)
may be formalized as a w-institution Zg. This example, besides illustrating
the notion of m-institution, which may be unfamiliar to some readers, also
provides a first indication that sentential logics may be captured as rather
trivial examples of w-institutions in a variety of possible ways. The addi-
tional expressive power availed by the structure of a m-institution provides
room for the formalization of logical systems with multiple signatures and
quantifiers and also some logical systems whose formulas are not string-
based. Some examples of such higher-level logical systems may be found,
e.g., in [9] and in the CAAL context in [21, 20].

Let S = (L£,Fs) be a sentential logic. Define Zs = (Sign,,SEN., Cs)
(the signature category and the sentence functor depend only on L) as fol-
lows:

e Sign, consists of a single element category, with element, say, V, and
Sign,/(V,V) = End(Fm,(V)), where Fm, (V) denotes the £-formula
algebra and End(Fmg(V)) is the carrier of the monoid of its endomor-
phisms. Composition and identities are the usual ones in the monoid of
endomorphisms.

e SEN, (V) =Fmg(V) and, given o € Sign,(V, V), we set SEN.(0)(¢) =
o(¢), for all ¢ € Fmg (V). This defines a functor SEN, : Sign, — Set.
e Finally, Cs : P(SEN.(V)) — P(SEN,(V)) is the closure operator asso-

ciated with the consequence operator Fs C P(Fmg(V)) — Fmg(V), i.e.,
defined, for all X C Fmg(V), by Cs(X) = {¢ € Fm,(V) : X ks ¢}.

It is not difficult to verify that Zs is a m-institution. It is called the =-
institution associated with the deductive system S.
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At the forefront of our investigations in this work will be selfextensional
m-institutions. They abstract the notion of a selfextensional sentential logic,
which, in turn generalizes that of a Fregean logic, expressing formally Frege’s
philosophical principle of compositionality, i.e., the principle that the mean-
ing of a complex expression is determined by the meanings of its constituent
expressions and the rules used to combine them.

A deductive system S = (L,Fg) is called selfextensional [23] if the re-
lation of interderivability between formulas, defined by stipulating that, for
all ¢,7 € Fme(V), ¢ and v are interderivable if ¢ g 1) and ¢ kg ¢ (abbre-
viated ¢ s 1), is a congruence relation on the formula algebra. Selfex-
tensionality, in other words, is equivalent to the following condition holding,
for all ¢,1,6 € Fmg (V') and every variable v € V:

¢ ts 1 implies §(v/¢) s d(v/v),

where §(v/¢) indicates the result of uniform substitution of ¢ for v in § and
similarly for §(v/v).

The main reason why selfextensional logics have received attention in
abstract algebraic logic is that each of the main classes in the abstract al-
gebraic hierarchy (also known as the Leibniz hierarchy) of logics contains
selfextensional and non-selfextensional members. For example, as is pointed
out in [18], the following are all selfextensional logics, but their classifications
in the abstract algebraic hierarchy are different: classical propositional cal-
culus and intuitionistic propositional calculus are algebraizable logics, the
local consequence of the normal modal logic K is equivalential, the local
consequence of the classical modal logic E is protoalgebraic and, finally,
positive modal logic [7], Belnap’s four-valued logic [3, 12], the conjunction-
disjunction fragment of classical propositional logic [15] and Visser’s logic
[6, 19] are non-protoalgebraic. This presence of selfextensional logics across
the boundaries of the Leibniz hierarchy creates an interesting environment
where properties related to a class in the hierarchy may be equally applied
to both selfextensional and non-selfextensional logics and, potentially, prop-
erties arising from selfextensionality might be exploited across the abstract
algebraic hierarchy.

A 7-institution Z = (Sign, SEN, C), with N a category of natural trans-
formations on SEN, is said to be N-selfextensional if the equivalence system
A(Z) = {As(Z) }se|sign|, defined, for all ¥ € [Sign|, by stipulating that, for
all ¢,1 € SEN(X),

(9.9) € An(Z) iff Cx(¢) = Cx(¥),

is an N-congruence system on SEN.
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The work of Jansana and Palmigiano [18] has its origins in Wéjcicki’s
Theorem [23, 24], characterizing selfextensional logics, as well as in the var-
ious algebraic-topological dualities that have appeared in the logical liter-
ature, with prototypical examples of those between bounded lattices and
Priestley spaces and Boolean algebras and Stone spaces.

Given an algebraic signature £, an L-referential algebra is a pair (W, A),
where W is a set of reference points and A is an L-algebra on a collection of
subsets of W, called the algebra of propositions. A referential algebra (W, A)
is said to be reduced if the relation Ry, 4y on W, defined, for all u,v € W,
by

(u,v) € Ry it (VX eA)(ueX < veX)

is the identity relation on W. If M is a class of L-referential algebras, a
consequence relation =y may be defined on Fmg(V) by setting, for all
QU {y} C Fme(V),

O =m oy iff for all (W, A) € M, all homomorphisms v : Fm,(V) — A,
and all w € W, w € v(¢), for all ¢ € ®, implies w € v(1)).

A deductive system S = (£,Fg) is said to have a complete local referential
semantics if there exists a class M of L-referential algebras, such that kg
coincides with F=pv. Wéjcicki showed that a logic S is selfextensional if and
only if it admits a complete local referential semantics (Theorem 2.2 of [18]).

We revisit Wéjcicki’s Theorem and show in Theorem 3 that a similar re-
sult holds for any w-institution with a designated category of natural trans-
formations N on its sentence functor SEN. More precisely, a w-institution
7T = (Sign, SEN, C), with N a category of natural transformations on SEN,
is N-selfextensional if and only if it admits a complete local N-referential
semantics in a sense that will be made precise in Section 3. This result
encompasses the original theorem as a special case.

Motivated by this characterization of selfextensional logics and the clas-
sical dualities between various classes of algebras and topological spaces,
Jansana and Palmigiano [18] embark in establishing a general duality theo-
rem between certain categories of atlases and of referential algebras. Given a
language type £, an L-atlas [10] (also known as a generalized matriz [23, 8])
is a pair (A, B), where A is an L-algebra and B is a family of subsets of
the universe A of A. Particular instances of atlases are the abstract logics of
[5, 13], in which B forms a closure system. Given any logic S = (£,Fs) and
any L-algebra A, a subset F' C A of the universe of A is an S-filter on A if|
for all ® U {¢} C Fm,(V) and every homomorphism A : Fmg(V) — A,

®ts1 and h(®)CF imply h(y) € F.
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For every L-algebra A, the collection FigA of all S-filters on A forms a
closure system on A and, hence (A, FigA) is an abstract logic. The Frege
relation AaB of an atlas (A, B) is defined, for all a,b € A, by

(a,b) € AaB iff (VBeB)(ae B < be B).

The Frege relation is not necessarily a congruence on A. A given atlas (A, B)
is said to be congruential if AaB is a congruence. Moreover, an atlas (A, BB)
is called Frege-reduced or, simply, reduced if AxB is the identity relation on
A, the carrier of A.

In their main duality theorem, Theorem 4.12 of [18], Jansana and Palmi-
giano prove that, given any algebraic signature £, the categories of reduced
congruential L-atlases CA* and of reduced L-referential algebras RA* are
dually equivalent categories. In our main theorem, Theorem 40 of Section
10, this duality is extended to a more general duality between the category
CAS}; of reduced congruential N-atlas systems and the category RASY; of
reduced referential N-algebraic systems, where N is a fixed category of nat-
ural transformations on a given set-valued functor SEN : Sign — Set. The-
orem 40 encompasses as a special case Theorem 4.12 of [18] and, therefore,
encompasses, also, as Example 2.5 of [18] illustrates, many of the well-known
algebraic-topological dualities that have appeared in the logic literature.

Given a deductive system S and an algebra A, ApFisA is not necessar-
ily a congruence on A. A logic S is called fully selfextensional if, for every
L-algebra A, ApFisA is a congruence on A. It is obvious that every fully
selfextensional logic is selfextensional, but the fact that fully selfextensional
deductive systems form a proper subclass of the class of all selfextensional
deductive systems was established by Babyonyshev [1]. Motivated by their
general result on the duality between the category of reduced congruen-
tial L-atlases CA* and of reduced L-referential algebras RA*, Jansana and
Palmigiano provide in Theorems 5.1 and 5.4 of [18] a characterization of the
class of fully selfextensional logics inside the wider class of selfextensional
logics. They obtain this result by first restricting the general duality result
to a duality between the atlas semantics and the referential semantics of an
arbitrary selfextensional logic. They, then, take advantage of a known cor-
respondence between the reduced atlas semantics of a given selfextensional
logic S and the class of algebras AlgS associated with it by the theory of
abstract algebraic logic [13] to show that a selfextensional logic S is fully
selfextensional if and only if the category corresponding to AlgS is dually
equivalent to the category of reduced referential algebraic models of §. In
future work, we intend to continue the investigations begun in the present
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paper along similar lines. More precisely, the goal is to provide an anal-
ogous characterization of the class of fully N-selfextensional w-institutions
inside the class of N-selfextensional w-institutions. Babyonyshev’s results
show that this inclusion is proper in general and a characterization theorem
for logics formalized as 7-institutions should encompass Theorem 5.4 of [18]
as a special case.

2. A Few Preliminaries

Recall that the contravariant power-set functor <73 : Set — Set? sends a
set X to its power-set P(X) and a function f : X — Y to the function
P(f) : P(Y) — P(X), such that, for all W C Y, P(f)(W) = f~1(W) =
{reX: f(x)e W}

Recall, also, that, given a set-valued functor SEN : Sign — Set, the
clone of all natural transformations on SEN is the locally small category
with collection of objects {SEN® : v an ordinal} and collection of morphisms
7 : SEN® — SEN” f-sequences of natural transformations 7 : SEN® — SEN.
Composition of (r; : i < §) : SEN® — SEN? with (0 : j < ) : SEN? —

SN (i < B) (0715 <)
T < 0] y
SEN® ~ SENP —— ~ SEN"

is defined by

(o <mo(m:i<f)=(oi((ri:i<f)):j<).

A subcategory N of this category with objects all objects of the form SEN :
k < w, and containing all projection morphisms pFt . SENF — SEN,i <
k, k < w, with p’gz : SEN(X)* — SEN given by

-,

P& (@) = ¢4, for all ¢ € SEN(E)*,

and such that, for every family {7; : SENF — SEN : i < [} of natural
transformations in N, (r; : i < I) : SEN* — SEN' is also in N, is referred to
as a category of natural transformations on SEN.

Given a functor F' : Sign — Set, a functor G : Signh — Set is called
a simple subfunctor of F, if, for all ¥ € |Sign|, G(X) C F(X) and, for
all f € Sign(Sy, %) and all ¢ € G(S1), G()(9) = F(f)(9), ie, G(f) =
F(f) la,)-

Given two functors SEN : Sign — Set and SEN’ : Sign’ — Set, with
categories of natural transformations N, N’ on SEN and SEN’, N and N’
will be called similar if there exists a bijective functor F' : N — N’/ that
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preserves the projection natural transformations and, hence, also the arities
of the natural transformations. We use the notation ¢’ := F(o) for the im-
age in N’ under F of a natural transformation in N. When two categories
of natural transformations are assumed similar, such a bijective correspon-
dence between their categories of natural transformations will be assumed
given and fixed. This notion captures in the context of functors the idea of
similarity between two ordinary universal algebras over the same algebraic
signature.

Given two functors SEN : Sign — Set and SEN’ : Sign’ — Set,
with similar categories of natural transformations N, N’ on SEN and SEN’,
respectively, an (N, N’)-epimorphic translation (F,«) : SEN — SEN’
consists of a functor F' : Sign — Sign’ and a natural transformation
a : SEN — SEN’o F, such that, for all 0 : SEN" — SEN in N, all ¥ € |Sign|
and all ¢ € SEN(X)",

SEN(Z)" — 72 . SEN(%)

oy, ay

SEN'(F(%))"

— SEN'(F(X))
IF(z)

012(02((5)) = U}r(z) (a%(@)-

An (N, N')-epimorphic translation will also be referred to as an N-algebraic
morphism.

3. Referential Semantics and Wajcicki’s Theorem

Let Sign be a category, SEN : Sign — Set a set-valued functor and N a
category of natural transformations on SEN. An N-referential algebraic
system F is a triple F = (SEN’, SEN’ (N/, F')), consisting of:

e A contravariant functor SEN’ : Sign’ — Set°P;

o é simple subfunctor SEN’, : Sign’ — Set of the (covariant) functor
PSEN’ : Sign’ — Set;

e A similar to N category N/ of natural transformations on SEN, with

F': N — N/ the functor witnessing the similarity.

Given an N-referential algebraic system, the elements of the set SEN'(X),
¥ € |Sign’|, will be referred to as ¥-points, ¥-reference points, X-indices
or Y-states. The N-referential algebraic system F is said to be based on
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the functor SEN’. In this context, N-algebraic morphisms (F,«) : SEN —
SEN/, are referred to as interpretations. Note that, for all ¥, %’ € |Sign]|,
f € Sign(X2,Y) and all ¢ € SEN(X),

ay

SEN(X) SEN,(F(X))
SEN(f) SEN(F(f))
SEN(X') —g5— SEN,(F ()

SEN(F(f))(ax(¢)) = ax (SEN(f)(¢)),
and, also, for all o : SEN” — SEN in N, all ¥ € |Sign| and all ¢ € SEN(Z)",

SEN(Z)" — 7 . SEN(Y)

as, ay

SEN(F(%))" —— SEN{(F(%))
TF(D)
as(05(8)) = sy (02(8))-
Given an interpretation (F,«) : SEN — SEN/, ¥ € |Sign|, ¢ € SEN(X)
and w € SEN'(F(X)), ¢ is true at w under the interpretation (F,«a) if
w € ax(¢). Otherwise, we say that ¢ is false at w under (F, ).
Let SEN : Sign — Set be a set-valued functor and N a category of
natural transformations on SEN. An augmented N-referential algebraic
system is a pair §' = (F', (F,a)), where

e 7' = (SEN',SEN’, (N., F')) is an N-referential algebraic system;
e (F,a): SEN — SEN., is an interpretation.

A Y-sentence ¢ € SEN(X) is true at an F(X)-point w € SEN'(F(X))
under §' if and only if ¢ is true at w under the interpretation (F,a). Oth-
erwise, ¢ is false at w under §'.

Given a functor SEN : Sign — Set, with IV a category of natural trans-
formations on SEN, and an augmented N-referential algebraic system §’, as
above, define on SEN the families of closure systems C%,C%9 as follows:
For all ¥ € |Sign| and all ® U {¢} C SEN(Y),

)€ CE(®) iff Nyeq s (SEN(f)(9)) C ax (SEN(f)(1)),
for all ¥ € |Sign|, f € Sign(X,Y’).
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and

Y eCSI(®@) iff (yeq as (SEN(f)(¢)) = SEN/(F(X))
implies sy (SEN(f)(v)) = SEN'(F(X'))
for all ¥’ € |Sign|, f € Sign(3,Y).

It will be shown, next, that the triples ZS = (Sign,SEN,C%) and
759 = (Sign, SEN, C%"9) are 7-institutions.

LEMMA 1. Suppose that SEN : Sign — Set is a functor and N a category
of natural transformations on SEN. Let §' = (F',(F,«)) be an augmented
N -referential algebraic system, with F' = (SEN',SEN., (N, F")). Then the
triple T8 = (Sign,SEN, C%) is a m-institution. The same holds for the
triple I8-9 = (Sign, SEN, C3':9).

PROOF. We must show that C%' is a closure system on SEN. Reflexivity and
monotonicity are straightforward. For transitivity, suppose that ¥ € |Sign|,
dU{y} C SEN(X), such that 1 € CF (CS (®)). Then, for all ¥’ € |Sign| and
all f € Slgn(zv E/)ﬂ ﬂxECg/(‘I)) QE’(SEN(JC)(X)) - OCZ’(SEN(f) <'¢>) But, for

every x € Cgl(fb), we have that

() s (SEN(f)(¢)) € as/(SEN(f)(x)),

ped

whence it follows that

Noco @ (SEN()(6) € Mo @) o (SEN(H()

asy (SEN(f) ().

Therefore, ¥ € Cgl(@) and C% is transitive. Now, it only remains to
show that C¥ is structural. To this end, suppose that X1, € |Sign|,
f € Sign(21,%2) and ® U {¢} C SEN(Z1), such that ¢ € CF (®). Then,
we have, for all ¥' € [Sign[,g € Sign(X1,¥'), Nyeqe s (SEN(g)(4)) C
as (SEN(g)(1))).

-
-

Therefore, for all k € Sign(Xy,Y’), we get that

() asy(SEN(k[)(¢)) € asy(SEN(k[)(4)),

ped
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Le., that (ycq asy (SEN(K)(SEN(£)(¢))) € asy(SEN(k)(SEN(f)(¢))). This
proves that SEN(f)(v) € Cg;(SEN(f)((I))). Therefore C% is structural and

7% is indeed a m-institution.
The proof for Z89 is similar and will be omitted. [

The closure system C¥ is called the local closure system on SEN
associated with § and C%9 the global closure system on SEN as-
sociated with §’. Moreover, if F is a family of augmented N-referential
algebraic systems, define

CF=({C¥:§ €F} and C™9=(|{C¥9:F eF}.

It will be shown, next, that N-selfextensional w-institutions on SEN are
exactly those that are determined by the local closure systems on SEN asso-
ciated with classes of augmented N-referential algebraic systems. Theorem
3 is essentially a result first obtained for selfextensional deductive systems
by Wéjcicki [23, 24] and revisited in [18] (see Theorem 2.2). Proposition
2 establishes the fact that all m-institutions locally induced by a class of
augmented referential algebraic systems are self-extensional.

PROPOSITION 2. Let SEN : Sign — Set be a set-valued functor and N a
category of natural transformations on SEN. For every class F = {{F!, (F",
o)) i€ I}, with F* = (SEN', SENL (NZ, F)), of augmented N -referential
algebraic systems, the local m-institution I¥ = (Sign, SEN, CF) associated
with F is a self-extensional w-institution.

PROOF. Suppose ¥ € |Sign|, ¢,¢ € SEN(X), such that C&(¢) = CL(y). 1

must be shown that (¢, 1) € Qg (ZF). This will be done by employing the
characterization (Theorem 4 of [22]) of the Tarski N-congruence system of
ZF¥. We have, by the definition of CF, that, for all i € I, all ¥’ € |Sign|
and all f € Sign(X,Y), ok, (SEN(f)(¢)) = ok (SEN(f)(¢)). Thus, for all
" € |Sign|, all g € Sign (X', ¥"),

f

> —yy —Y

. E”
all 0 : SEN” — SEN in N and all Y € SEN(X”)"~ 1, we get that

SENE(FY(9)) (0, s (0 (SEN(£)(9)), o, (7)) = |
SEN(F(9)) (07 (0 (SEN(F) (1)), 0y (7))):

Hence, we obtain
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nn (a%,)” 7 (5 \\n
SEN(X) (SENY(Fi(X'))
(230 G;:'z’(z/)
SEN(Y') ——— SEN(Fi(Y))
az/

SENL(Fi(g))(aky (o (SEN(£)(¢), X)) =
SEN(F*(g))(asy (o5 (SEN(£)(9), X)))-
Finally, this gives
SEN(Y) — =+ SEN' (Fi(5Y))

SEN(g) SENL(F'(g))

SEN(Z") SEN(Fi(%"))

Q5

%y (SEN(g) (05 (SEN(f)(), X)) = s (SEN(g) (o5 (SEN(f) (), X)))-
Therefore, by the definition of CF, we get that

Oy (o (SEN(f)(9), X)) = C% (o (SEN(f) (), X))-

Since this holds for every ¥ € |Sign| and all f € Sign(%,¥'), we get, by
Theorem 4 of [22], that (¢,1) € QN(ZF), i.e., that ZF is N-self-extensional.
|

Let Z = (Sign, SEN, C) be a w-institution, with N a category of natural
transformations on SEN. An augmented N-referential algebraic system §' =
(F',(F,a)) is a local N-model of Z if C < C%, i.e., if, for all ¥ € |Sign|,
P U {y} C SEN(),

¢ € Cx(®) implies (yeq axr (SEN(f)(¢)) S s (SEN(f)(4)),
for all ¥’ € |Sign|, f € Sign(%, ).

Similarly, § is a global N-model of Z if C' < C%9, i.e., if, for all & € |Sign|,
& U {4} C SEN(3),

¥ € Cx(®) implies that, if [,cq as(SEN(f)(¢)) = SEN'(F (X)),
then oy (SEN(f)(¥)) = SEN'(F(X')),
for all ¥’ € |Sign|, f € Sign(%,Y).
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A class F of augmented N-referential algebraic systems is a complete local
N-referential semantics for Z if C = C¥ and, in this case, it is said that
7 admits a complete local N-referential semantics.

Wojcicki’s Theorem, characterizing self-extensional logics in terms of the
existence of a complete local referential semantics, has the following exten-
sion in the m-institution framework.

THEOREM 3 (Wdjcicki’s Theorem). Let T = (Sign, SEN, C), with N a cat-
egory of natural transformations on SEN, be a m-institution. Then T is
N -self-extensional iff it admits a complete local N -referential semantics.

PROOF. The implication from right to left follows from Proposition 2. For
the converse implication, assume that Z = (Sign,SEN,C) is an N-self-
extensional 7-institution. Construct the triple X = (SENZ SENZ (NZ,
FT)) as follows:

e SEN? : Sign — Set°P is the (contravariant) functor that maps ¥ €
|Sign| to the collection of all ¥-theories of Z, i.e., SENZ(X) = {T: T ¢
Thy(Z)}, and that maps f € Sign(¥,Y’), to the morphism SENZ(f) :
Thy(Z) — Thyx(Z), given by T + SEN(f)~1(T").

e SENZ : Sign — Set is the subfunctor of PSEN7 defined by
SENL(Y) = {{T' € Thx(Z) : ¢ € T} : ¢ € SEN(X)}.

e The subfunctor SENZ : Sign — Set of PSENT is endowed with a cate-
gory of natural transformations NZ, defined, for all o : SEN" — SEN in
N, by o : (SENZ)» — SENZ, given by

U%(n%(¢0)7 cee 777%(¢n—1)) - n§<02(¢07 o 7¢n—1)>7
for all ¥ € |Sign|, ¢o, ..., ¢n—1 € SEN(X), where, for all ¥ € |Sign| and
all ¢ € SEN(X), n&(¢) = {T € The(Z): ¢ € T} € SENL(D).
e Finally, F' I.N—> N SI maps o to ot , as defined previously.

The triple X = (SENZ,SENZ, (NZ, FT)), thus defined, is an N-referential
algebraic system. We only check a few of the properties that need to be
satisfied. First, SEN? : Sign — Set° is well-defined: It is clear that
SENZ (ix) = ispNZ(x) for all ¥ € [Sign|. For all 3,5 € [Sign|, f €
Sign(X,Y) and T" € Thy (Z), if ¢ € Cs(SEN(f)~(T")), then

SEN(f)(¢) € SEN(f)(Cx(SEN(f)~1(1")))
C  Csy(SEN(f)(SEN(f)~(T")))
C Cx/(T)

T/
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whence ¢ € SEN(f)~1(T”), showing that SEN(f)~}(T") € Thx(Z). There-
fore, SEN? is well-defined on morphisms. Moreover, for all ¥,%/, %" €
|Sign|, f € Sign(%,Y'),g € Sign(¥/,%") and all T € SENZ(X"), we have
that
SEN*(gf)(T") = SEN(gf)""(T")

= (SEN(yg )SEN(f))*l(T”)

= SEN(f)~'(SEN(g)"1(T"))

= SEN’(f)(SEN*(g)(1")).

Thus, SEN? : Sign — Set®P is a functor.

To see that SEN? is a subfunctor of %SENI , it suffices to show that,
for all ¥, %' € |Sign|, f € Sign(X,Y’) and all ¢ € SEN(X), SENZ(f)({T €
Thx(Z) : ¢ € T}) € SENZ(Y'). To see this, we prove that, for all ¥, %’ €
|Sign|, f € Sign(3,Y’) and all ¢ € SEN(X),

SEN: (f)(115:(¢)) = sy (SEN(£)(9)). (2)

In fact, we have

SENZ(f)(&(¢)) = PSENZ(f)(E(¢))

= {T' € Thy/(Z) : SEN*()(T") € & (¢)}
= {T'" € Thy/(I) : ¢ € SEN*(f)(T")}

= {T' € Thy/(Z): ¢ € SEN(f )‘1( )}
= {T’EThz/(I) SEN(f)(¢) € T}

= 1L (SEN(f)(¢)).

Finally, o7 : (SENZ)® — SENZ is well-defined, i.e., independent of
the choice of representatives, for all ¢ : SEN®” — SEN in N. Indeed,
if ¥ € |Sign|, ¢0,%0,--.,n—1,¢n—1 € SEN(X) are such that n&(¢;) =
n&(;), for all i < n, then Cx(¢;) = Cx(v);), whence, by self-extensionality,
(diy i) € QJEV(I), implying that (O’E((E),Uz("(;» € QJEV(I) and, therefore,
Cs(os(6)) chz(ﬂz(l/?));ﬂence we get that 1% (ox($)) = 1 (ox(¥)), ie.,
that o%(175,(¢)) = 0%, (155, (¥)).

Construct, next, the triple §% = (FZ, (Isign, n*)) as follows:

e F7T is the N-referential algebraic system constructed above.

e Igign : Sign — Sign is the identity functor on Sign.

e 77 : SEN — SENZ is defined as above, i.e., by letting for all ¥ € |Sign]|,
n% : SEN(X) — SENZ(X) be given by

& (¢) = {T € Thy(Z): ¢ € T}, for all ¢ € SEN(X).



862 G. Voutsadakis

To see that § is a valid augmented N-referential algebraic system, we re-
mind the reader that, by Equation (2), n* : SEN — SENZ is a natural
transformation, i.e., the following rectangle commutes.

,'72
SEN(Z) —2— SENZ(%)
SEN(f) SENZ(f)
SEN(X) SENZ (%)
772/

Finally, to conclude the proof, it suffices to show that, for all ¥ € |Sign| and
all ® U {4} C SEN(E), ¢ € CF (®) if and only if ¢ € Cx(®).
Suppose, first, that ¢ € ng((p)‘ This is equivalent to

() 75 (SEN(£)(¢)) < 15 (SEN(f) (), (3)

Pped

for all ¥/ € |Sign| and all f € Sign(X,Y). Let T = Cx(®). Then T €
Noca n&(¢). Therefore, by Inclusion (3), T € n%(v), which shows that
1 € T and, hence, that 1) € Cx(®), as required.

Suppose, conversely, that ¢ € Cx(®). By structurality, this gives that,
for all ¥ € |Sign| and all f € Sign(%,Y),

SEN(f)(¢) € Cs (SEN(f)(®)). (4)

Suppose that ¥’ € [Sign|, f € Sign(3,%’) and T € Thy/(Z) is such that
T € Nyea n% (SEN(f)(¢)). Hence, for all ¢ € ®, T € 1L, (SEN(f)(¢)), which
yields that, for all ¢ € ®, SEN(f)(¢) € T. Therefore SEN(f)(®) C T and,
hence, by (4), we get that SEN(f)(x)) € T. Thus T € n&,(SEN(f)(1)). This
concludes the proof that (,cq n&, (SEN(f)(#)) € n& (SEN(f)(¥)), proving

that ¢ € CF (). n

4. Reduced N-Referential Algebraic Systems

In the remainder of the paper, only local N-models and local N-referential
semantics will be considered in the discussion and the adjective “local” will
be omitted. Also, instead of N-model of Z, the term augmented Z-N-
referential algebraic system may sometimes be used.

Let ' = (SEN’,SEN’, (N’ F")) be an N-referential algebraic system.
Define the equivalence family R = {Rgl}ze|5ign/| on SEN’, by letting, for
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all ¥ € [Sign’|, RL' be given, for all ¢,7 € SEN'(X), by
(¢,0) € RE iff (VX € SEN,(E))(¢ € X & o) € X).

It is shown, now, that this equivalence family is in fact an equivalence system
in the sense of categorical abstract algebraic logic.

PROPOSITION 4. Let Sign be a category and SEN : Sign — Set a functor,
with N a category of natural transformations on SEN. Suppose that F' =
(SEN',SEN’, (N!, F")) is an N-referential algebraic system. Then R is an
equivalence system on SEN'.

PROOF. Suppose that ¥1,3, € |Sign’|,f € Sign'(3Z2,%1) and (¢,¢) €
R“;; Then, for all Y € SEN.(X2) we have that ¢ € Y if and only if
¢ €Y. Now, let X € SEN(3) and suppose that SEN'(f)(¢) € X. Then
¢ € SEN'(f)"Y(X) = SEN,(f)(X). Therefore, by the hypothesis, ¢ €
SEN.L(f)(X) = SEN’(f)~!(X), which yields that SEN’(f)(x) € X. By
symmetry, we obtain that, for all X € SEN/(3;), SEN'(f)(¢) € X if and
only if SEN'(f)(¥) € X, i.e., that (SEN'(f)(¢), SEN'(f)(v)) € RE.. Hence

R¥' is indeed an equivalence system on SEN’. [

Given an N-referential algebraic system 7' = (SEN', SEN’ (N! F")), F'
is said to be reduced if R”" is the identity equivalence system on SEN’.

Terminological Convention: The definitions above will also be applied to
an augmented N-referential algebraic system always in reference to its N-
referential algebraic system component. For instance, if §' = (F', (F,a))
is an augmented N-referential algebraic system, we will denote by RS the
equivalence system R” " and we will call § reduced if F' is a reduced N-
referential algebraic system.

Any N-referential algebraic system F’, as above, can be reduced. In
other words, it can be associated with a reduced N-referential algebraic
system “counterpart”. Moreover, if the N-referential algebraic system is
augmented, i.e., it is accompanied by a given interpretation, then the reduced
counterpart may also be endowed with an accompanying interpretation in
such a way that it induces the same local and global closure systems as
the original augmented N-referential algebraic system. The reduction is
obtained by identifying sentences via the equivalence system R”’ ". Next, we
construct this reduced N-referential algebraic system associated with F’ in
some detail.

Let ' = (SEN’,SEN’, (N’ F")) be an N-referential algebraic system.

Define F'/R” = (SEN'®" SEN'R” (N'R” F/R')) \here
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SEN'" () = SEN'(S)/RE, for all 3 € [Sign'|, and

SEN"™ (f)(¢/RE,) = SEN'(f)(9)/ RS,
for all ¥y, %5 € |Sign'|, f € Sign’(X1,33) and all ¢ € SEN'(X9);
o SEN'®(2) = SEN'(2)/RE = {{¢/RE : ¢ € X} : X € SEN/(%)}, for
all ¥ € |Sign'|;
e For all o : SEN" — SEN in N, let o’®” : (SENA” )» —, SEN” he
given, for all 3 € |Sign’| and all Xy,..., X, 1 € SEN.(Z), by

!

o (Xo/RE ..., Xp_1/RE) = o%(Xo,..., Xn_1)/RE;

e Finally F'E” is defined by o — o'®"  for all o : SEN" — SEN in N.

In the next proposition it is shown that the triple just defined is in fact
an N-referential algebraic system.

PROPOSITION 5. Let Sign be a category and SEN : Sign — Set a functor,
with N a category of natural transformations on SEN. Let F' = (SEN/,
SENL, (N. F")) be an N -referential algebraic system. Then the triple

F/RF = (SEN®" SEN'F" (N'FT Ry
is also an N -referential algebraic system.
ProoOF. First, since, by P/roposition 4, RT " is an equivalence system on
SEN’, the mapping SEN?" is well-defined agnd it is not difficult to see that
it does form a contravariant functor SEN® : Sign’ — Set°P (see [22]).
To see that SEN’SRF, : Sign’ — Set is properly defined, suppose that
51,5, ¢ [Sign'|, f € Sign'(%1, %) and X/RE € SENA (). We need

to show that SEN;RJT/ (f)(X/R“;) € SEN'SRfI(EQ). To this end, it suffices to
show that .
SEN,(f)(X)/RE, = SENJ™ (f)(X/RE)).
To this end, let ¢ € SEN'(X3). We have
o/RE, € SEN(f)(X)/RE, iff ¢ € SEN(f)(X)

iff SEN'(f)(¢) € X
iff SEN'(f)(¢)/RE, € X/RE,
it SEN'' (f)(¢/RE,) € X/RE,
. ! F! 1
ift o/RE, € SENF (£)(X/RE)).
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Finally, for every ¢ : SEN™ — SEN in N, the definition of U’Rfl is sound
because, if X,Y € SEN.(X), such that X/R%:I = Y/RZ', we get, by the
definition of R¥', that X =Y. [

Suppose, next that §F = (F', (F,«a)) is an augmented N-referential al-
gebraic system, with 7' = (SEN’, SEN’, (N, F’)). Then we define the pair

g’RS, = (f’RF,, <FRS/,OCRSI>> as follows:

o FIRT _ <SEN’RF/,SEN’SRﬁ7 (N, ;RF,,F ’Rﬁ>>, as defined previously;

o FEY _ . Sign — Sign’;

o ol I SEN(D) — SENA" (F(%)) is given by ol (¢) = as(9)/ R,
for all ¥ € |Sign]|.

It is shown, now, that the pair § R% g also an augmented N-referential
algebraic system.

PROPOSITION 6. Let Sign be a category and SEN : Sign — Set a functor,
with N a category of natural transformations on SEN. Let §' = (F', (F, a))
be an augmented N -referential algebraic system, with F' = (SEN' SEN’,
(N',F")). Then S’Rs/ = (f’Rf/,<FREI,aRSI>> is also an augmented N -
referential algebraic system.

PROOF. In view of Proposition 5, it suffices to show that o . SEN —

SEN;R# o F'is a natural transformation. To this end suppose that 3,39 €
|Sign|, f € Sign(X;, ¥2) and ¢ € SEN(X;). We have
ozRSl
SEN(31) ——*— SEN,(F(1))/R%

!

(1)

SEN(f) SEN (F(£)
SEN(S3) ———— SEN{(F(22))/Rf{x,,
0622
offl (SEN(f)(¢)) = ax,(SEN(f)(0))/RE(s,
= SENY(F(f))(an: (0))/Ris,)
— SEN;RF, (F(f))(as, l(cb)/Rf:Ezl))
= SENE(F(£))(aE (¢)).

This concludes the proof that the pair F&° = <.7:’Rf ,<FRS o’ )) is an
augmented N-referential algebraic system. [
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It is ﬁnally shown that the reduced augmented N referential algebraic
system S’R induces the same closure system C’g on SEN as does the

augmented N-referential algebraic system §'.

PROPOSITION 7. Let Sign be a category and SEN : Sign — Set a functor,
with N a category of natural transformations on SEN. Let § = (F', (F, «))
be an augmented N -referential algebraic system, with F' = (SEN’ SEN’,

(N!,F"Y). Then C¥ = C¥"" .

PROOF. Suppose that ¥ € |Sign| and ® U {¢} C SEN(X), such that ¢ €
C’g(@). Then, for all ¥’ € |Sign| and all f € Sign(X,Y’), we have that

M as (SEN(£)(6)) € as (SEN(F)(1)). (5)

pcd

/RS
To show that 1) € C’gR (®), suppose that X' € ]Sign| f € Sign(%, %)
and x € SEN(Y) is such that x/RY s, € Nyeo 0l "(SEN(f)(¢)). Then,
for all ¢ € ®, we have that x/Rf s,y € as/(SEN(f)(¢))/Rf s, which
shows that x € ay/(SEN(f)(¢)), for all ¢ € ®. Therefore, by Inclusion (5),
we get that x € as/(SEN(f)(v)), showing that (g az, (SEN(f)((;S)) -

o (SEN(f)(1)), i.c., that ¢ € cg’R&’ (®).

RS
Suppose, conversely, that ¢ € Cg " (®). Then, for all ¥’ € |Sign| and
all f € Sign(X,Y’), we have that

M o (SEN(£)(9)) € o (SEN(/)()). (6)
ped
To see that ¢ € CF (@), let X' € |Sign|, f € Sign(X,%') and y € SEN(X)
be such that x € (e @s/(SEN(f)(¢)). Then x € asy(SEN(f)(¢)), for all
¢ € ®. This yields that

URE) € (oen 0 (SEN((@))/RE
Noca(as (SEN(/)(9))/ Risy )
ﬂ¢e¢azf (SEN(f)(¢))

ofi” (SEN(f)(®)) (by (6))

axy (SEN(f)(v))/ BE,

Thus x € asy(SEN(f)(+)). This verifies that (e asy(SEN(f)(¢)) C
asy (SEN(f)(1)), i.e., that ¢ € CS (). n

N m

I
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5. N-Referential Algebraic System Morphisms

Consider, now, two N-referential algebraic systems 7' = (SEN’, SEN’, (N,
F')) and 7" = (SEN”,SEN” (N” F")). A pair (F,«) is a morphism of N-
referential algebraic systems from F’ to F”, denoted (F,a) : F' — F”,
if
e (F,a): SEN' — SEN" is a singleton translation, with ' : Sign’ — Sign”
an isomorphism;
o (F71 a7 : SEN” — SEN/, is an (N”, N')-epimorphic translation.

The morphism (F,a) : F/ — F” is said to be strict if, for all ¥ € |Sign”|,
ay' @ SENZ(F(X)) — SEN,(Y) is surjective, ie., (F71a™!) : SEN/ —
SEN, is a surjective (N”, N!)-epimorphic translation.

With these morphisms the collection of all N-referential algebraic sys-
tems forms a category, which will be denoted by RASy. The same col-
lection of objects with strict morphisms between them forms a subcategory
of RASy, which will be denoted by sRASy. Furthermore, reduced N-
referential algebraic systems form a full subcategory of RASy, which will
be denoted by RASY,.

In the remainder of this section we show, first, that the construction

of the N-referential algebraic system FE from F' extends to a func-
tor from the category RASy to the category RAS} and, second, pro-
vide some interesting properties of morphisms of N-referential algebraic sys-
tems. To simplify notation, whenever an N-referential algebraic system F/ =
(SEN',SEN’, (N!, F')) is at play, its reduction FR (SEN’RSI, SEN;R]E/,
(N'R” F'R”'Y) will be denoted by F* = (SEN', SEN'*, (N*, F'*)).

Let F' = (SEN’,SEN’, (N., F")), F" = (SEN”,SEN”, (N” F")) be two
N-referential algebraic systems and (F,«) : F/ — F” be a morphism of
N-referential algebraic systems. Define the pair (F*, a*) : F™* — F"* as
follows:

e F*:Sign’ — Sign” is defined by F* = F;
e o : SEN* — SEN"* o F is defined, for all ¥ € |Sign’|, by letting
af : SEN™(X) — SEN"*(F(X)) be given by
ay(¢*) = ax(¢)*, for all ¢ € SEN'(X).

We show that (F*,a*) is a morphism of N-referential algebraic systems,
and that, moreover, the assignments F — F* and (F,«a) — (F*, o*) define
a functor * : RASy — RASY.
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PRropPOSITION 8. Let Sign be a category and SEN : Sign — Set a func-
tor, with N a category of matural transformations on SEN. Suppose that
F' = (SEN',SEN’. (N!,F")), F" = (SEN",SEN” (N!,F")) are two N-
referential algebraic systems and (F,a) : F' — F" a morphism of N-
referential algebraic systems. Then (F*, a*) : F™* — F'"™* is also a morphism
of N -referential algebraic systems.

PROOF. It will be shown, first, that af, : SEN"*(X) — SEN"*(F (X)) is well-
defined, for all ¥ € |Sign’|, and that o* : SEN”* — SEN"* o F is a natural
transformation.

Suppose that ¥ € |Sign’| and ¢, € SEN'(X), such that ¢* = ¢*, i.e.,
that ¢/RE = /RE . Let X € SEN”(F(X)), such that ax(¢) € X. Hence
¢ € ag'(X) € SEN,(X), by the definition of a morphism of N-referential
algebraic systems. Now, since (¢, ¢) € Rj;, we get that ¢ € agl(X). Thus,
we obtain that ax(y) € X. By symmetry, ax(¢) € X iff an(v) € X, for
all X € SEN”(F(X)), showing that ax(¢)* = an(y)*. Therefore, a¥(¢*) =
ax(¢)* = an(¥)* = o5 (¢*) and af; is well-defined.

To see that a* : SEN* — SEN"*o F is a natural transformation, consider
¥, % € |Sign'|, f € Sign’(%,Y) and ¢ € SEN'(X). We have

*

SEN’*(X) SEN"*(F(X))
SEN"(f) SEN"*(F(f))
SEN’* (%) SEN"*(F('))

Qs

a5y (SEN™(f)(¢"))
= o3, (SEN'(f)(¢)*) (by the definition of SEN")
= asy (SEN'(f)(¢))* (by the definition of o*)

= SEN"(F(f))(ax(¢))* (since « is a nat. transf.)
= SEN"*(F(f))(as(¢)*) (by the defin. of SEN"*)
= SEN"*(F(f))(e%(¢*)) (by the definition of o).

Finally, it remains to show that (F~1,a* ') : SEN”* — SEN’ is an (N!*,
N!*)-epimorphic translation. To do this, we start by proving that, for all
¥ € |Sign’| and all X € SEN”(F (X)), we have

1

of, (X*) =ag!(X)". (7)
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In fact, for all ¢ € SEN'(X), we have

¢* € ax' (X)* iff ¢ €ag'(X)
iff ag((ﬁ) eX
iff an(e)* € X*
iff of(¢*) € X*
iff ¢* €k (X¥).

Thus, af,  is a well-defined map from SEN”*(F(X)) into SEN’*(X), for all
¥ € |Sign/|. To see that it is an (N* N!*)-epimorphic translation, let
o : SEN® — SEN in N and consider ¥ € |Sign’| and Xy,...,X,_1 €
SEN”(F(X)). Then we have

-1 1

as, (U%"‘(Z)(XS, L XE) = a*z_ (0%(2) (Xoy.. o, Xn—1)")
-1/ _n *
= oy (UF(E)(X(), e Xn1))
= Ulz(aéll(XO)a . ,agi(an_l))*
= U’z*(az_l(XO)*a ceey az_l(anl)*)
oo (X§),..., 0% (X5 1))

This concludes the proof that (F* o) : F* — F" is a well-defined mor-
phism of N-referential algebraic systems. [

PropoSITION 9. Let Sign be a category and SEN : Sign — Set a functor,

with N a category of natural transformations on SEN. The assignments
F — F* and (F,a) — (F*,a*) define a functor ( )* : RASy — RASY.

PROOF. The property of the identities is easily demonstrated. For compo-
sition, we have
2 - I <G”8 >, Fm
/3}3(2)(0‘*2(¢*)) = ﬁ}(g)(az(@*)
= PBrr)(as(e))”
= (Br) o ax)*(6").

Therefore (G, 3)* o (F,a)* = ((G, B) o (F,a))*. |

(£}, )

We prove, next, some propositions addressing several properties that
morphisms of N-referential algebraic systems possess. We start with a
proposition asserting that a strict morphism, whose domain is a reduced
N-referential algebraic system has injective natural transformation compo-
nents. In fact, since by definition, its functor component is an isomorphism,
the conclusion is equivalent to the morphism being injective.
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ProposiTiON 10. Let Sign be a category and SEN : Sign — Set a functor,
with N a category of natural transformations on SEN. Let F' = (SEN’,
SEN’, (N., F")), F" = (SEN",SEN” (N! F")) be two N-referential alge-
braic systems, such that F' is reduced. Then, every strict morphism (F, ) :
F' — F" is injective.

PROOF. Suppose that ¥ € [Sign’|, ¢, € SEN'(X), such that ax(¢) =
ax(y). Let X € SEN/(X), such that ¢ € X. Then, since (F, ) is strict,
there exists Y € SEN”(F(X)), such that ¢ € X = ag' (V). Thus, ax(y) =
ax(¢) € Y. Hence ¢ € agl(Y) = X. By symmetry, we obtain that, for all
X € SEN.(X), ¢ € X if and only if ¢ € X, whence, since F’ is reduced,
¢ = 1. Therefore (F, ) is injective. ]

In the following proposition we deal with the setting in which a mor-
phism (F, a) : 7' — F” relates two N-referential algebraic systems in such a
way that it forms a commutative diagram with interpretations (F’, o') and
(F",d") into F" and F”, respectively.

SEN

<F‘I/7 al) <F‘III7 O[//>

f’ > f’//

(F )

Let § and §” be the two augmented N-referential algebraic systems obtained
from F' and F”, respectively, by adjoining the corresponding interpretations.
In this setting, it is shown that, if (F,a) is strict, then C¥" < C¥ and, if
(F,«) is surjective, then C3 < %', Therefore, if (F,a) is both strict
and surjective, then one may infer that §’ and §” generate identical closure
systems on SEN.

We start by formulating two lemmas to the effect that the given triangle
may be completed if any one of its two legs are provided.

LEMMA 11. Let Sign be a category and SEN : Sign — Set a functor, with
N a category of natural transformations on SEN. Let F' = (SEN’,SEN’,
(N, F")), F" = (SEN" SEN” (N” F")) be two N-referential algebraic sys-
tems and (F,a) : F' — F" a morphism of N-referential algebraic sys-
tems. Let, also, ' = (F",(F" ")) be an augmented N -referential algebraic
system.
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SEN

<F// a//>

f'/ - f//
(F,a)
Define F' = F~Yo F" and, for all ¥ € |Sign|, o}, : SEN(X) — SEN/(F'(X))

by
a5 (9) = sy (@%(9)),  for all ¢ € SEN(X).

Then § = (F',(F',d/)) is also an augmented N -referential algebraic system.

PROOF. We must show that o/ : SEN — SEN/, o F’ is a natural transforma-
tion. To this end, suppose X, ¥’ € |Sign|, f € Sign(3, ¥’) and ¢ € SEN(X).
We have

SEN(Y)

SEN,(F'(%))
SEN(f) SEN(F(f))

SEN(X') —— SEN/(F'(¥'))
aZ/
o (SEN(f)(¢)) = %}(zf)<ay(SEN(f)( ¢))
= F,(E/)(SEN”(F”(f))(a’z’(¢))
= SEN,(F'(f ))(aF/ 5 (05(9)))
SEN(F"(f)) (4 ( )) .

LEMMA 12. Let Sign be a category and SEN : Sign — Set a functor, with
N a category of natural transformations on SEN. Let F' = (SEN’,SEN.,
(NL,F")), F" = (SEN" SEN” (N” F")) be two N-referential algebraic sys-
tems and (F,a) : F' — F" a strict surjective morphism of N -referential al-
gebraic systems. Let, also, § = (F',(F’',a')) be an augmented N -referential
algebraic system. SEN

(F' o)

f'/ - _7_-//
(F,a)
Define F" = F o F' and, for all ¥ € |Sign|, of, : SEN(Z) — SENZ(F" (X))

by
a5 () = ap(s)(ag(9)), for all ¢ € SEN(X).
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Then §" = (F",(F",a")) is also an augmented N -referential algebraic sys-
tem.

PROOF. The crucial point in the proof is that o” : SEN — SEN” o F”
is well-defined, i.e., that o&(¢) € SEN?(F"(X)), for all ¥ € |Sign| and
all ¢ € SEN(X). To obtain this conclusion, we need the strictness and
the surjectivity of (F, ). In fact, since (F,«) is strict, there exists X" €
SEN”(F" (X)), such that a;,l(z) (X") = a%,(¢). Therefore,
as(¢) = aF/(z)(O/gE@)

= aF’(E)(aF/(E)(X”))

— X/l

e SEN/(F"()),

where in the last equality the surjectivity of (F,«) was used. That o is a
natural transformation is easy to see. Hence, (F”, o) is indeed an interpre-
tation into F” and §” is an augmented N-referential algebraic system. m

Next, the main result that was promised before Lemmas 11 and 12 is
presented.

PROPOSITION 13. Let Sign be a category and SEN : Sign — Set a functor,
with N a category of natural transformations on SEN. Let§' = (F', (F', ),
§" = (F",(F",a")) be two augmented N -referential algebraic systems, with
F' = (SEN',SEN’, (N., F")), F" = (SEN",SEN” (N” F")), and (F,a) :
F' — F" be a morphism of N -referential algebraic systems, that makes the
following triangle commute.

SEN

<_F‘I/7 a/> <F//’ Oé,/>

/ . TN
T Ee T
1. If (F,q) is surjective, then C¥ < C3".

2. If (F,q) is strict and surjective, then C¥ = C3".

PROOF. Suppose, first, that (F, a) is surjective. Let ¥ € |Sign|, ® U {¢} C
SEN(X), such that ¢ € Cg/(q)). Thus, for all ¥’ € |Sign| and all f €
Sign(%, ¥'),

() ok (SEN(£)(¢)) € aky (SEN(f)(¥)). (8)

ped
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Now, let x" € SEN"(F"(X)) be such that x" € (\,cq a5 (SEN(f)(¢)), i.e.,
such that x” € af, (SEN(f)(¢)), for all ¢ € ®. Since (F,a) is surjective,
there exists a x' € SEN'(F'(X')), such that ap(s)(x’) = x”. There-
fore, ap(sy(X') € a5y (SEN(f)(9)), for all ¢ € ®. This gives that x' €
a;}(z,)(a’é,(SEN(f)(qﬁ))), for all ¢ € ®. Therefore, by Inclusion (8), x’ €
sy (@5 (SEN(f)(¥))), and, hence, x" = api(s)(X) € a%y (SEN(f)(¥))
proving that ¢ € C’g”(@).

Suppose, next, that (F,«) is both strict and surjective. Consider ¥ €
|Sign|,® U {¢)} C SEN(X), such that ¢ € CF (®). Thus, for all ¥’ € |Sign|
and all f € Sign(X,Y’), we have

() a% (SEN(f)(¢)) < a%y (SEN(f)(#)). (9)

ped

Let x' € SEN'(F'(X)) be such that x" € (,cq @4y (SEN(f)(9)), ie., X' €
oy (SEN(/)(6)), for all 6 € ©. Then ey () € evpsr ety (SEN(/)(@))
for all ¢ € ®. This gives that apxy)(x') € oy, (SEN(f)(9)), for all ¢ € @,
whence, by Inclusion (9), we get that aps)(X') € a5y (SEN(f)(v)), i.e., that
apsy(X') € apeyy(ay, (SEN(f)(1))). Hence, using strictness and surjectiv-
ity, we get that x’ € a%, (SEN(f)(v)), showing that ¢ € C’gl(q)). |

Proposition 13 yields the following corollary in reference to augmented
Z-N-referential algebraic systems.

COROLLARY 14. Suppose T = (Sign,SEN,C) is a w-institution, with N
a category of natural transformations on SEN. Let §F = (F',(F',d)),
§" = (F", (F",a")) be two augmented N -referential algebraic systems, with
F' = (SEN', SEN', (N!, F"}), F" = (SEN",SEN", (N", F"}), and (F,a) :
F' — F" be a morphism of N-referential algebraic systems, that makes the
following triangle commute.

SEN

<F/, Oé/> <F//’ a//>

! . T
4 (Fa) F

1. If (F,a) 1is surjective and §' is an augmented Z-N -referential algebraic
system, then so is §".

2. If (F,«) is strict and surjective, then §' is an augmented Z-N -referential
algebraic system iff §" is also.
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Moreover, since, given an N-referential algebraic system F’, the natural
projection (I,7w) : F' — F'B" ig a strict and surjective morphism of N-
referential algebraic systems, we obtain right away the following

PROPOSITION 15. Suppose T = (Sign,SEN,C) is a w-institution, with N
a category of natural transformations on SEN. Let § = (F,(F,a)) be an
augmented N -referential algebraic system, with F' = (SEN’, SEN’, (N%, F"}).

; /RS
Then C¥ = 8™

6. Atlas Semantics

Recall that given a functor SEN : Sign — Set, with a category N of natural
transformations on SEN, an N-algebraic system A’ = (SEN', (N’  F"))
is a triple consisting of a functor SEN’ : Sign’ — Set, a category N’ of
natural transformations on SEN” and a surjective functor F’ : N — N’, that
preserves projections and, as a result, also preserves the arities of all natural
transformations.

An N-atlas system is a pair A" = (A’, X’), where A’ is an N-algebraic
system, as above, and X’ = {A5}y¢(sign| is a collection of families Ay of
subsets of SEN’(X), for all X € |Sign'|, such that, for all &3, %’ € |Sign/|, all
f € Sign’(3,Y') and all X € Xsy, SEN(f)"1(X) € Xs.

An augmented N-atlas system is a pair A’ = (A', (F, a)), where A’ =
(A’ X') is an N-atlas system and (F,«) : SEN — SEN’ is an (N, N')-
epimorphic translation.

Similarly with the case of augmented N-referential algebraic systems,
augmented N-atlas systems generate closure systems on the sentence functor
SEN. Define C* = {C¥ }sicisign|: by letting, for all & € [Sign|, CF
PSEN(X) — PSEN(X) be given, for all ® U {¢)} C SEN(X), by

e C¥ (@) iff ax(SEN(f)(®)) C X implies
axy (SEN(f)(¢v)) € X, for all
¥/ € |Sign|, f € Sign(X,Y'), X € XY,.

The next proposition, an analog of Lemma 1 for augmented N-atlas
systems, asserts that the structure 7 A — (Sign, SEN, CQ[/> is a w-institution.

LEMMA 16. Let SEN : Sign — Set be a functor, with N a category of
natural transformations on SEN. If A" = (A, (F,a)) is an augmented N -
atlas system, with A’ = (A’ X'y and A’ = (SEN', (N', F')), then the triple
7% = (Sign, SEN, C%¥) is a w-institution.
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PRroOOF. Reflexivity and monotonicity are straightforward. To show tran-
sitivity, suppose ¥ € |Sign| and ® U {¢y} C SEN(X) are such that ¢ €
C¥ (C¥ (®)). This means that, for all ¥’ € |Sign|, all f € Sign(%,¥’) and
all X € X%, we have asy (SEN(f)(C¥ (®))) C X implies asy (SEN(f)(¢)) €
X. But, by the definition of C%, for all ¢ € C%[/((ﬁ), we also have that
asy (SEN(f)(®)) € X implies asy(SEN(f)(¢)) € X. Therefore, we obtain

as/(SEN(f)(®)) € X implies ax/(SEN(f)(C¥ (®))) € X
implies asy(SEN(f)(v)) € X,

i.e., that ¢ € C’%/(@), proving the transitivity of C%.

Finally, to see that c¥ s structural, suppose that ¥;,¥s € |Sign|,
f € Sign(21, %) and ® U {¢)} € SEN(21), such that b € C¥ (®). Thus,
we have that, for all ¥’ € [Sign|, all g € Sign(¥;,¥’) and all X € XY,

f

X1 - Yo

2/

ay/(SEN(g)(®)) € X implies ay/(SEN(g)(¢)) € X. Since this holds for all
g € Sign(X1,Y’), we have, for all £ € Sign (X9, Y’), that asy (SEN(kf)(®)) C
X implies ay/ (SEN(kf)(¢)) € X, whence asy(SEN(E)(SEN(f)(®))) € X
implies asy(SEN(k)(SEN(f)(v))) € X, for all k € Sign(Xe,Y’), showing
that SEN(f)(v) € C’%;(SEN(f)(CI))), i.e., that C% is also structural.

This concludes the proof that the triple Z% = (Sign, SEN,C%) is a
m-institution. ]

If A is a family of augmented N-atlas systems, then we set, as before,

Cch = ﬂ c2,

AeA

This is also a closure system on SEN and, hence, the triple Z* = (Sign, SEN,
C*) is a 7-institution as well.

Let, now, Z = (Sign, SEN, C') be a m-institution, with N a category of
natural transformations on SEN. Consider an augmented N-atlas system
A = (A, (F,a)), with A’ = (A/, X'), A’ = (SEN', (N', F")). ' is said to be
an N-model of 7 or an augmented Z-N-atlas system if C' < C%. More-
over, Z will be said to be complete with respect to a class A of augmented
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N-atlas system models and A a complete N-atlas system semantics for
TifC=Ch

REMARK. Of course, every m-institution Z = (Sign, SEN, C') is complete
with respect to the class I = {J}, where J = (Z, (Isign, ¢)), T = (I,C) and
I = (SEN, (N,Iy)), with the obvious definitions pertaining to the identity
functors and natural transformations involved, C denoting the closure set
system corresponding to the closure operator system C' and an overloading
of notation for the symbol Z, which, hopefully, is clear from the context.

In the previous section, it was shown that every N-referential algebraic
system may be reduced by applying the process of dividing out by the rela-
tion identifying elements belonging to the same sets of the underlying alge-
braic system of sets. A similar process may be applied to N-atlas systems.

Suppose that A" = (A’, X’) is an N-atlas system, with A’ = (SEN’,
(N, F")). The Frege relation system A(A') = {Ax(A') }xe|sign’| (SOme-
times denoted AA'(X7) = {AQI(X’)}EaSign/‘) is the collection defined, for
all 3 € [Sign’|, by setting, for all ¢, € SEN'(X),

(p, ) € As(A) iff ¢pe Xiffpe X, forall X € Xy,

It is very easy to see that the Frege relation system A(A’) is indeed a relation
system in the usual sense of categorical abstract algebraic logic, i.e., that
for all 1,35 € |Sign’| and all f € Sign’(31,39), if (¢,9) € As, (A’), then
(SEN'(f)(¢), SEN'(f)(¢)) € As,(A). In fact, one has, under the hypothesis
that (p,v) € As, (A'), for all Y € &Y, ,

SEN'(f)(¢) € Y iff ¢ € SEN'(f)~'(Y)
iff ¢ € SEN'(f)"1(Y)
iff SEN'(f)(v) €Y.

If A(A’) happens to be an N’-congruence system on SEN’) then A’ is
said to be a congruential N-atlas system and if A(A") happens to be the
identity N’-congruence system on SEN’, then A’ is called Frege reduced.
Since, by default, Ax(A") is compatible with every set in XY, for all ¥ €
|Sign’|, if it happens to be an N’-congruence system on SEN’, then the
reduction A™* = A'/A(A") is well-defined (see [22] for more details) and it
is easily seen that A™* is a Frege reduced N-atlas system. The reduction
extends to an augmented N-atlas system ' = (A, (F,«)) by composing
the interpretation (F,«) : SEN — SEN’ with the natural projection (I, ) :
SEN’ — SEN’/A(A’) to obtain the pair A™* = (A*, (F, mpa)). Sometimes we
write (F™*, a*) to denote the interpretation (F,mpa) : SEN’ — SEN'/A(A).
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REMARK. If the m-institution Z = (Sign, SEN, C') is N-selfextensional, then
the N-atlas system Z = (I,C) is a congruential N-atlas system. Therefore,
every N-selfextensional w-institution Z is complete with respect to the class
of all Frege reductions of its congruential N-atlas system models. It is now a
tradition in abstract algebraic logic to call the reduction of the augmented V-
atlas system J = (Z, (Isign, ¢)), with Z = (I, C), the Lindenbaum-Tarski
N-atlas system model of 7.

7. Morphisms of N-Atlas Systems

We turn, now, to the study of morphisms of N-atlas systems. Suppose
that A" = (A", x"), A" = (A" X"), with A’ = (SEN' (N, F")), A" =
(SEN",(N",F")), are two N-atlas systems. A morphism of N-atlas sys-
tems (F,a) : A" — A" is an N-algebraic system morphism (F, ) : SEN’ —
SEN”, such that a=1(X"”) < X', i.e., for all ¥ € |Sign’| and all X € Xl’;(z)
oy, (Xx)e Xy

A morphism of N-atlas systems (F,«) : A" — A” is said to be strict if
a H(x") = X', ie., if, for all ¥ € |Sign’| and all X € XY, there exists a
Y € X5, such that X = a5'(Y).

The collection of all N-atlas systems with morphisms of N-atlas systems
between them forms a category, denoted by ATSy. The same holds for the
collection of all N-atlas systems with strict morphisms of N-atlas systems
between them. This category will be denoted by sATSy. On the other
hand, the category with objects all congruential N-atlas systems will be
denoted by CASy, its subcategory with objects all congruential N-atlas
systems with strict morphisms of N-atlas systems between them is denoted
by sCASy and the full subcategory of CASy consisting of Frege reduced
congruential N-atlas systems by CASY,.

Next, it is shown that every morphism between two congruential N-
atlas systems gives rise in a functorial way to a morphism between their
Frege reduced counterparts.

Let A= (A", X)), A” = (A", X") be two congruential N-atlas systems,
with A’ = (SEN', (N’, F")), A” = (SEN" (N”, F")), and (F,a) : A’ — A"
a morphism of N-atlas systems. Define the pair (F*, a*) by setting F* = F’
and, for all ¥ € |Sign’|, af : SEN*(X) — SEN"*(F(X)) given, for all
¢ € SEN'(X), by

a5 (¢/As(A)) = ax(9)/Apes)(A").
Sometimes, we write ¢* = ¢/An(A’), ax(9)* = ax(¢)/Apx)(A”), ete.
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Thus, the definition above may be rewritten as a3, (¢*) = ax(¢)*. The nota-
tion refers to the appropriate congruence class modulo the appropriate Frege
equivalence relation.

PropPOSITION 17. Let SEN : Sign — Set be a functor, with N a category of
natural transformations on SEN. Let, also, A" = (A", X"), A" = (A", X") be
two congruential N -atlas systems, with A’ = (SEN', (N', F")), A" = (SEN"|
(N"F")), and (F,a) : A — A" a morphism of N-atlas systems. Then
(F*, a*) : A — A" is a morphism of N-atlas systems.

PRrROOF. We show, first, that (F*,a*) is well-defined. Consider ¥ € |Sign/|
and ¢,1¢ € SEN'(X), such that (¢,¢) € Ag(A’). Then, for all X € XL,
¢ € X iff v € X. Suppose, now, that Y € X;ﬁ(z), such that ax(¢) € Y.
Then ¢ € ay'(Y) € X% Therefore, ¥ € ag'(Y), ie., as(y)) € Y. By
symmetry, we get that, for all Y € X}i@), ax(¢) € Y iff ax(v) € Y. Thus,
ax(¢)* = ax(v)*, showing that o3 (¢*) = a3, (¢*), i.e., a* is well-defined.

To see that a* : SEN* — SEN"*o F is a natural transformation, consider
¥, ¥ € |Sign’|, f € Sign’(%,Y’) and ¢ € SEN’(X). Then we have

*

SEN"(E) — =+ SEN"*(F(3))

SEN"*(f) SEN"*(F(f))

SEN*(3) = SEN"*(F(¥))

a3y (SEN"(f)(¢")) = a5, (SEN'(f)(6)")

= aw/(SEN'(f)(¢))"
SEN"(F(f))(ax(4))*
SEN"*(F(f))(as(¢)*)
= SEN"(F(f))(a%(¢"))-

b
*
b

Finally, it remains to show that (F*, a*) : A — A"* is a morphism of N-
atlas systems, i.e., that, for all ¥ € |Sign/| and all X* € Xﬁz)v a’gl(X*) €
Xg. First, note that, for all ¥ € |Sign’| and all ¢ € SEN'Y and X € XY,
we have

e X* iff ¢e X.
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Thus, for all ¥ € |Sign’|, all ¢ € SEN'(X) and all X € X[’?’(E),
¢* € agl(X)* iff ¢ € agl(X)

iff az((ﬁ) eX

iff ap(p)* € X*

iff af(o*) € X

iff qb* S OZE (X*)

This shows that, for all ¥ € |Sign’| and all X € XY, af H(X*) = ag'(X)*.
Therefore, we conclude that, for all ¥ € |Sign’|,
* : 1
X e Xl’;(z) iff 71';{-,32 (X) e Xl’;(z)
implies ay, (7 %(é)(X)) € Xy
iff  ag!(nhg) (X)) € X%
iff 2(//_1( )*) € &g
i af(X) €AY,
|

Now it is not difficult to see that the following proposition holds, that
provides an extension of the construction of the Frege reduction from the
objects of the category of congruential N-institutions to a functor into the
category of reduced congruential N-institutions.

ProposITION 18. Let SEN : Sign — Set be a functor, with N a cate-
gory of natural transformations on SEN. The assignment A — A* and
(F,a) — (F*,a*) defines a functor from the category CASy of congruen-
tial N-atlas systems with N-atlas system morphisms between them into the
category CASy of Frege reduced congruential N-atlas systems.

Finally, the section concludes with some properties of morphisms of V-
atlas systems paralleling properties that were previously supplied for mor-
phisms between N-referential algebraic systems. These properties will be
helpful in the development of the main duality that will be presented in the
following sections.

PRroOPOSITION 19. Let SEN : Sign — Set be a functor, with N a category of
natural transformations on SEN. Let A" = (A", X"y and A" = (A", X") be
N-atlas systems, with A’ = (SEN', (N', F")), A” = (SEN" (N" F")), such
that A’ is Frege reduced, and (F,a) : A" — A" a strict morphism of N -atlas
systems. Then (F,a) has injective natural transformation components.
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PROOF. To see this, suppose that 3 € |Sign’| and ¢, € SEN'(X), such
that ax(¢) = ax(y). Let X € XY, such that ¢ € X. Since (F, ) is strict,
there exists Y € XIQ(E), such that X = ag'(Y). Hence ¢ € ag'(Y), ie.,
ax(¢) € Y. Thus, an(v) = ax(¢) € Y, showing that ¢ € agl(Y) = X.
By symmetry, we conclude that, for all X € &Y, ¢ € X iff ¥ € X and,
since A’ is Frege reduced, ¢ = 1). Therefore, (F,a) has injective natural
transformation components. [ ]

In the sequel, we examine the configuration

SEN

<F/, O[/> <F1//7 a//>

/ . AN
A (F,a) A
where A’; A” are N-atlas systems, forming augmented N-atlas systems 2,
A" with the interpretations (F’, '), (F”, "), respectively, and (F,a) : A’ —
A" is a morphism of N-atlas systems. As was the case with morphisms of
augmented N-referential algebraic systems, it is shown that this triangle
may be appropriately completed under suitable conditions if only one of its
two legs are given.

Recall, first, that a functor SEN : Sign — Set, with a N a category of
natural transformations on SEN, is said to admit lifting of quotients if
every diagram of morphisms of N-algebraic systems like the one on the left
below, with (F,«) surjective, may be completed to a commutative diagram
like the one on the right below.

SEN SEN
<F,/, O[//> <F/, O/> (F,/, a//)

SEN” (10)

SEN’ SEN" SEN’

(F, ) (F, )

In that case, it is also said that SEN admits lifting of N-quotients.
Directly from the relevant definitions, we obtain the following lemma to

the effect that the completion of a triangle, as above, when one of its two

legs, having the structure of an augmented N-atlas system, is given, results

in both its legs having that same structure.

LEMMA 20. Let SEN : Sign — Set be a functor, with N a category of
natural transformations on SEN. Let A" = (A', X"), A" = (A", X") be two
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N-atlas systems, with A’ = (SEN' (N’ F")), A” = (SEN" (N",F")), and
(F,a): A" — A" a morphism of N-atlas systems.

1. If (F, ) is surjective, A" = (A", (F",a")) is an augmented N-atlas sys-
tem and SEN admits lifting of N -quotients, then A" = (A’ (F’,d')), with
(F', o) completing the diagram on the left of (10), is an augmented N -
atlas system.

2. If A = (A, (F',d)) is an augmented N-atlas system, then A" = (A",
(F",a")), with (F",a") = (F,a) o (F',d/) is an augmented N-atlas
system.

PRrROPOSITION 21. Let SEN : Sign — Set be a functor, with N a category of
natural transformations on SEN. Let A" = (A, X'), A" = (A", X") be two
N-atlas systems, with A’ = (SEN', (N, F")), A" = (SEN" (N",F")), and
(F,a): A" — A" a morphism of N-atlas systems.

1. If SEN admits lifting of N-quotients, (F,a) is surjective, A" = (A",
(F", ")) is an augmented N -atlas system and (F' o'} results as in Di-
agram, (10), then C¥ < C¥", where A = (A, (F', /).

2. If A = (A (F', o)) is an augmented N-atlas system, then C* < C¥",
where A" = (A" (F" o)), with (F",a") := (F,a) o (F',d/). Moreover,
if (F,a) is strict, then C* = C%".

PROOF. 1. Suppose that ¥ € |Sign|, ® U {¢} C SEN(X), such that ¢ €

C¥ (@), i.e., for all ¥’ € |Sign|, f € Sign(X, %) and all X € Xior(sy):

a5y (SEN(f)(®)) € X implies a%y (SEN(f)(v)) € X.

Let, now ¥’ € |Sign|, f € Sign(X,Y’) and YV € X#,,(E,), such that
a4y (SEN(f)(®)) € Y. Then ap(s)(as, (SEN(f)(®))) € Y. There-
fore, o4, (SEN(f)(®)) C a;,l(z,)(Y). This gives that af, (SEN(f)(¥)) €
a;,l(z,)(Y), i.e., that ap/(s)(as, (SEN(f)(¢))) € Y. This is equivalent
to o, (SEN(f)(¢)) € Y, showing that ¢ € CF'(®). Thus, we get that

CQ[I S CQ’[N.

2. That C¥ < C%' follows exactly in the same way as in Part 1. Suppose,
conversely, that (F,«) is strict, ¥ € [Sign|, ® U {¢} C SEN(X), such
that ¢ € C'%N(q)). Then we have, for all ¥’ € |Sign|, all f € Sign(%,¥)
and all Y € Xg,,(z,)

a5y (SEN(f)(®)) €Y implies a5, (SEN(f)(¥)) € Y.



882 G. Voutsadakis

Let, now ¥’ € [Sign|, f € Sign(X,Y') and X € Xy, such that
a4y (SEN(f)(®)) € X. By strictness, there exists Y € X sy, such
that X = a;,l(z,)(Y). Therefore, we get o4, (SEN(f)(®)) C a;}(z,)(Y),
i.e., apr(zry(asy (SEN(f)(®))) C Y, which implies, using the implication
displayed above, that ap(sy) (a5 (SEN(f)(¢))) € Y. Thus, we get that
ok, (SEN(f)(¥)) € a}_,,l(z,)(Y) = X. This proves that ¢ € CF (®) and,
hence, that C% = C%’. [

Very easily from Proposition 21 one obtains the following

COROLLARY 22. Let 7T = (Sign, SEN, C) be a w-institution, with N a cate-

gory of natural transformations on SEN. Let A’ = (A', X"), A" = (A", X")

be two N -atlas systems, with A’ = (SEN', (N', F")), A” = (SEN" (N", F")),

and (F,a) : A" — A" a morphism of N-atlas systems.

1. If SEN admits lifting of N-quotients, (F,a) is surjective, A" = (A",
(F", ")) is an augmented N -atlas system and (F' ') results as in Dia-
gram (10), then, if A" = (A', (F',d/)) is an augmented Z-N -atlas system,
then so is A”.

2. If A = (A (F',d)) is an augmented I-N-atlas system, then A" =
(A" (F,a)o(F',d)) is also. Moreover, if (F, ) is strict, the implication
becomes an equivalence.

In view of the fact that, for every augmented N-atlas system A =
(A’ (F,a)), with A" a congruential N-atlas system, we have that A™* =
(A™ (F*, a*)) is also an augmented N-atlas system, with (I, ) : A" — A™ a
strict morphism of N-atlas systems, that makes the following triangle com-

mute SEN
(F, ) (F*, o)

A/

> /%
A
we also obtain:

PROPOSITION 23. Let T = (Sign,SEN,C) be a w-institution, with N a
category of natural transformations on SEN. For every augmented N -atlas
system A, we have that C* = C¥".

Finally, the following proposition addresses several cases where some
conclusion may be drawn on the preservation of the property of being con-
gruential across morphisms of N-atlas systems.



CAAL: Referential Algebraic Semantics 883

PROPOSITION 24. Let T = (Sign,SEN,C) be a w-institution, with N a
category of natural transformations on SEN. Let A" = (A, (F',a/)), A" =
(A", (F",d")) be two N-atlas systems, with A’ = (SEN', (N, F")), A" =
(SEN" (N" F")), and (F,a) : A" — A" a morphism of N-atlas systems.

1. A(A) < a t(A(A)).
2. If (F,a) is strict, then a1 (A(A")) = A(A).

3. If (F,a) is strict and surjective, then A’ is congruential iff A" is congru-
ential.

PROOF. 1. Suppose, first, that ¥ € |Sign’|, ¢, € SEN'(X), such that
(p,¢) € As(A'). Then for every X € &y, ¢ € X iff v € X. Now,
let Y € Xg(z)v such that ax(¢) € Y. Then ¢ € ag'(Y), whence ¢ €

agl(Y), showing that ax(y) € Y. By symmetry, for all Y € X%(EV

ax(¢) € Y iff ax(i) € Y, showing that (ax(¢), ax(¥)) € Ap)(A”).

2. Suppose, now, that (F,«) is strict and let ¥ € |Sign’|, ¢,9 € SEN'(X),
such that (¢, 1) € ail(AF(g)(A")). Then (ax(¢), as(¥)) € Api)(A”).
This means that, for every Y € X;«i(z)a ax(¢) € Y iff ax(v)) € Y. Now,
let X € X{, such that ¢ € X. Since (F, ) is strict, there exists a Y €
Xfi(sy» such that X = ag'(Y). Thus, ¢ € a5'(Y), Le., as(¢) € Y, which

yields ax(v)) € Y. This shows that ¢ € agl(Y) = X. By symmetry,

for all X € &Y, ¢ € X iff ¥ € X, ie, (¢,¢) € Ax(A’). Therefore,

a"L(A(A") < A(A).

3. Suppose that A’ is congruential. Let ¥ € |Sign”| and suppose ¢",v" €
SEN"(X"), such that (¢”,4") € Asn(A”). Then, since (F,q) is surjec-
tive, there exist ¥’ € |Sign| and ¢/,7’ € SEN'(X'), such that X" =
F(Z) and ¢ = aw () and " = aw (). Thus, (s (¢'), as (&) €
Apsy(A”). This yields, by Part 2 and the strictness of (F,«), that
(¢ 9") € Asy(A"). But I’ is congruential, whence (¢',1') € QJEV,/(.A’),
which yields, by Theorem 21 of [22], that (¢”,¢") = (as/(¢'), as/ (V")) €
Qg,l,/(A” ), whence A” is also congruential.

Suppose, conversely, that A” is congruential, ¥ € |Sign’| and ¢',¢’ €
SEN'(X), such that (¢/,¢') € Ax(A’). Therefore, by Part 1, (ax(¢),
as (') € Ap)(A”). But A" is congruential, which yields that (ax(¢'),

ax(¢')) € ﬁg&) (A”). Thus, again by Theorem 21 of [22], we get that

V)
(¢, ') € QN'(A'). Therefore A’ is indeed congruential. u
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8. From Atlas to Referential Algebraic Systems

In this section a functor ( )° : CASy — RASy from the category of congru-
ential N-atlas systems to the category of N-referential algebraic systems will
be constructed. We will be dealing with a fixed functor SEN : Sign — Set,
with N a category of natural transformations on SEN, and both atlas sys-
tems and referential algebraic systems will be in reference to this functor.

Suppose A" = (A’; X') is a congruential N-atlas system, with A’ =
(SEN’, (N’ F")), where SEN’ : Sign’ — Set. Define the N-referential alge-
braic system A’° := (SEN'®, SEN’? (N!°, F'°)) as follows:

e SEN’ : Sign’ — Set° is defined on objects by
SEN°(X) = &y, for all ¥ € |Sign/|,

and on morphisms, for all f € Sign'(X,Y), SEN°(f) : SEN°(X/) —
SEN’°(X) is given by

SEN(f)(Y) = SEN'(f)"1(Y), for all Y € XY,
e SEN’? : Sign’ — PSEN’ is the subfunctor of PSEN" defined on objects

by
SEN?(D)={{X e X,: 9 X}:¢cSEN(D)},

for all ¥ € [Sign’|, and on morphisms, for all f € Sign’(X,¥’), by
SEN’(f) : SEN?(X) — SEN’(X') given, for all ¢ € SEN'(X), by
SEN?(fI{X € X, :p€ X}) ={Y € X, : SEN'(f)(¢) € Y}.
e Finally, denoting by 1y : SEN’(X) — SEN’?(X) the mapping that assigns
¢ —{X € X, : ¢ € X}, we define, for all ¢ : SEN" — SEN in N,
0/20(772(%)7 R 772(¢n—1)) = 772(0—/2((;5(% ) gbn—l))a

for all ¥ € [Sign/|, ¢, ..., P¢n_1 € SEN'(D).
Let N/° ={0’°:0 in N} and define F’°: N — N°; o — o’°.

In the next lemma it is shown that this construction yields in fact an
N-referential algebraic system.

LEMMA 25. Let SEN : Sign — Set be a functor, with N a category of
natural transformations on SEN. If A" = (A’ X’) is a congruential N -
atlas system, with A’ = (SEN' (N', F")), where SEN’ : Sign’ — Set, then
A’ = (SEN'°, SEN?, (N!°, F'°)) is an N-referential algebraic system.
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PROOF. First, it is shown that SEN’ is a functor. Let ¥,%/, %" € |Sign’|,
f € Sign’(%,Y), g € Sign’(¥/,¥") and Z € XL,. Then

SEN"(f)(SEN®(g)(2)) = SEN'(f)~'(SEN'(9)~'(2))
(SEN'()SEN'(f))~}(Z)
SEN'(g o f)~1(Z)

— SEN“(g0 f)(2).

Next, to show that SEN’’ : Sign’ — Set is a subfunctor of PSEN"
Sign’ — Set, we must show that, for all ¥,%' € [Sign’| and all f €
Sign’(%, %),

{Y € X% : SEN'(f)(¢) € Y} =SEN°(f) " '({X € &L : 6 € X}).
Indeed, we have, for all Y € SEN"°(Y/),

Y € SEN°(f)T{X e xL:p€ X})
iff SEN°(f)(Y)e{X eX:¢ec X}
iff ¢ e SEN'(f)~H(Y)
iff SEN/(f)(¢) €Y.

Since A’ is congruential, for all o : SEN” — SEN in N, ¢’° : (SENY?)" —
SEN” is well-defined. So it suffices to show that it is a natural transfor-
mation. Let ¥,%’ € [Sign/|, f € Sign’(X,Y’) and ¢y,..., 1 € SEN' (D).
Then

SEN? ()" SEN”(%)
SENZ(f)" \ SENZ (f)
SEN'(3/)n SEN"(3)

0—2/

o5 (SENY (f)(1=(¢0)), - - -, SENY (f) (s (dn-1)))
:U/zof(nz/(SEN( )(©0)); - -+, nsr (SEN"(f)(pn-1)))
= 15 (0% (SEN'(f)(¢0), - - -, SEN'(f)(#n-1)))
= 1y (SEN'(f) (03 (¢0’---7¢n71)))
= SENZ(f)(n (0/2(¢0,~--,¢n_1)))
= SENZ(f) (08 (ns(0), - - - 12(dn-1)))-
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LEMMA 26. Let SEN : Sign — Set be a functor, with N a category of
natural transformations on SEN. Let A" = (A, X’) be a congruential N -
atlas system, with A = (SEN', (N', F')), where SEN’ : Sign’ — Set. Then
the pair (Igign,n) : (SEN', (N, F')) — (SENY, (N, F'°)) is an N -algebraic
system morphism.

PROOF. It must be proved that n : SEN’ — SEN’ is a natural transfor-
mation and that it is (N, N°)-epimorphic. Suppose that ¥,%’ € |Sign’|,
f € Sign’(X,%') and ¢ € SEN'(X). Then

SEN'(2) — =+ SEN()

SEN'(f) SEN(f)

SEN'(S) —p——~ SENZ ()

1 (SEN'(f)(6)) = {Y € XL : SEN'(f)(¢) € Y}
= SENS(f)({X € X : 6 € X})
— SENZ(/)(ne(6)).

Finally, for all ¥ € |Sign/| and all ¢y, ..., ¢,_1 € SEN'(Z),

772(0-,2(@%)07 cee ?¢n*1)) = ‘7/20(772(%), cee 7772(¢n71))7
for all o : SEN"™ — SEN in N, follows from the definition of ¢’°. |

In the following proposition some of the properties of the operator °,
as applied on congruential N-atlas systems, are presented. Proposition 27
forms an analog of Proposition 4.1 of [18].

PROPOSITION 27. Let Sign be a category and SEN : Sign — Set a functor,
with N a category of natural transformations on SEN. Let, also, A =
(A", XY be a congruential N-atlas system, with A’ = (SEN', (N’ F")).

1. A°:= (SEN°,SENY (N[, F'*)) is a reduced N -referential algebraic sys-
tem.

2. If A = (A’ (F,«)) is an augmented N-atlas system, then A° = (A",
(F,n o «a)) is an augmented N -referential algebraic system, such that
IQ»[’ — IQ[,O‘

3. For every m-institution T = (Sign, SEN,C), 2" is an augmented Z-N -
atlas system if and only if A'° is an augmented Z-N -referential algebraic
system.
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4. If A’ is reduced, then (Iggy,n) : (SEN', (N', F')) — (SENY, (N[, F'°))
18 an isomorphism of N -algebraic systems.

PROOF. 1. Suppose ¥ € |Sign’|, X, X’ € SEN°(X), such that (X, X’) €
R{. Then, for all X € SEN?(X), X € X iff X’ € X. But, then, by
the definition of SEN'?(X), for all ¢ € SEN'(X), ¢ € X iff ¢ € X', which
implies X = X’. Therefore, A" is reduced.

2. By Lemma 26 (Igjo,,7) : (SEN',(N', F')) — (SENY, (N/°, F°)) is an
N-algebraic system morphism and, therefore, the composite (F,noa) =
(Isign’s M) © (F, ) is also an (N, N°)-epimorphic translation.

Finally, note that, for all ¥,%’ € |Sign|, f € Sign(X,¥’) and all ® U
{y} € SEN(Y), X € X;?(Z')’ the implication as/(SEN'(f)(®)) C X
implies ayy (SEN'(f)(¢0)) € X is equivalent to

m ey (as (SEN(f)(9))) € npsr) (as (SEN'(£)())).

ped

3. This follows directly from Part 2.

4. Since (lgjgy,n) is clearly surjective, it suffices to show that it is also
injective. Let ¥ € |Sign’| and ¢, € SEN'(Z), such that ns(¢) = ns(v).
This means that {X € Xy, : ¢ € X} ={X € X, : ¢ € X}. Since A’ is
reduced, we get that ¢ = ¢, showing that (Ige,,7) is an isomorphism
of N-algebraic systems. [ ]

Let Sign be a category and SEN : Sign — Set a functor, with N a
category of natural transformations on SEN. Let, also, A" = (A, X"), A" =
(A", X") be congruential N-atlas systems, with A’ = (SEN' (N’ F")), A" =
(SEN" (N",F")). If (F,a) : A" — A" is a morphism of N-atlas systems,
with F an isomorphism, then a~1(X"”) < X’. Thus, for all ¥ € |Sign”|,
the map a3, : SEN"°(X) — SEN°(F~!(%)), defined by X — a, (X) is
well-defined. Let us also set F° = F~1 : Sign” — Sign’.

1
“H(E)

PROPOSITION 28. Let Sign be a category and SEN : Sign — Set a functor,
with N a category of natural transformations on SEN. Let, also, A =
(A, X"y, A" = (A", X") be congruential N-atlas systems, with A’ = (SEN’,
(N, F")), A" = (SEN" (N" F")). If (F,a) : A" — A" is a morphism of
N-atlas systems, with F an isomorphism, then (F°,a°) : A" — A”° is a
morphism of N-referential algebraic systems.

PRrROOF. First, it must be shown that (F°,a°) : SEN”® — SEN° is a trans-
lation, i.e., that a° : SEN”° — SEN’° o F° is a natural transformation. To
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this end, let ¥,%' € |Sign”|, f € Sign”(2,Y’) and Y € SEN"°(X). Then,
we have

SEN"°(%) 2 SEN"(F°(%))
SEN"(f) \ SEN"(F°(f))
SEN"° (%) SEN"(F°(%"))
agy

0%,(SEN"(/)(Y)) = ag,(SEN"()"!(v))

s SEN(7)71 (1)
= SEN'(F~1(f)" (0" (¥))
= SEN°(F~1(f))(ap"1 5 ()
—  SEN(F°(f))(ag(Y))-

Next, it must be shown that (F,a° ') : SEN”® — SEN"° is a an (N/°, N°)-
epimorphic translation. First, note that it is well-defined, since, for all ¥ €
|Sign’| and all X € SEN?(X), there exists ¢ € SEN'(X), such that X =
{X € X} : ¢ € X}, whence

aF(E)(X) = ozFE({XEXE pe X}
{Ye/"(”(E SHY )e{XeX’ $eX}}
{Ye)(”() gbea vy}

{YGX”() ax(p) € Y}
€ SENP°(F(Y)).

Note that this string of equalities has actually shown that, for all 3 € |Sign’|
and all ¢ € SEN'(X),

053y (15 (8)) = sy (0(0)).

Let us show now that a° ' : SEN’> — SEN"°o F is a natural transforma-
tion. Let 3,5’ € |Sign’|, f € Sign(X,Y) and ¥ = {X € XL : 9 € X} =
n%(¢) € SENY(X). Then

SEN"(X) ) SEN"*(F(X))
SENY(f) SENS®(F(f))
SEN"(5) SEN"*(F ()

0‘%(2/)
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) (SENS (N ((0))) = i (SEN"()~(7(0)))

05 ) (0 (SEN'()(9))

sy (s (SEN'()(6)))

— Wb (SEN(F()) (s (9)))

SEN(F(f))- (;i (as(4)))
( —1

= SEN{(F(f))(afsy(n 'z(¢)))

(
(75

Finally, it will be shown that (F), ao_l) : SEN? — SEN"° is (N°, N'°)-
epimorphic. To this end, let ¥ € |Sign’|, 0 : SEN” — SEN in N and
G0, .., dp—1 € SEN'(X). Then

0%y (T8 (05(60), -, 1 (D))

= Q) (T (05(S0, - Pu1))
= 772"(2) CMZ(OJE((ﬁO, e 7¢n—1)))

s an(dn-1)))
= UF(E 77F(Z) (a2<¢0))7 s 777/}{“(2) (a2<¢n—1)))
03 (16 (60)). -+ 03y (7 (60-1)).

It is shown next that, if the given morphism of atlas systems is surjective,
then the corresponding morphism of reduced referential algebraic systems is
strict and that, if the given morphism of atlas systems is strict, then the
corresponding morphism of referential algebraic systems is surjective.

PROPOSITION 29. Let Sign be a category and SEN : Sign — Set a functor,
with N a category of natural transformations on SEN. Let, also, A =
(A X"y, A" = (A", X") be congruential N-atlas systems, with A’ = (SEN’,
(N',F")), A" = (SEN" (N",F")), and (F,a) : A" — A" a morphism of

N-atlas systems, with F' an isomorphism.

1. If (F, ) is surjective, then (F° a°) : A" — A’° is a strict morphism of
N -referential algebraic systems.

2. If (F,«) is strict, then (F°,a°) : A" — A”° is a surjective morphism of

N -referential algebraic systems.

PROOF. 1. Let ¥ € |Sign’| and ¥ € SEN.°(F(X)). By definition of
SEN’°(F (X)), there exists ¢ € SEN"(F(X)), such that Y = n/. = ()
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Since (F, o) is surjective, there exists ¢ € SEN’(X), such that ax(¢) = 1.
Define X = n},(¢) € SENY(X). Then we have

Oy (X) = Oy (05()) = sy (am(0)) = iy (1) = V.
Thus, (F°,a°) is strict.
2. Suppose ¥ € |Sign’| and X € SEN°(X). Since (F,a) is strict, there
exists Y € SEN"°(F(L)), such that ag'(Y) = X, ie., afy (V) = X.
Thus, (F°,a°) is surjective. |

COROLLARY 30. Let Sign be a category and SEN : Sign — Set a functor,
with N a category of natural transformations on SEN. Let, also, A =
(A" X, A" = (A", X") be congruential N-atlas systems, with A’ = (SEN’,
(N',F")), A" = (SEN" (N" F")), and (F,a) : A — A" a morphism of N-
atlas systems, with F' an isomorphism. If (F, ) is surjective, then (F°, a°) :
A" — A’° is injective.

PROOF. By Proposition 29, (F°, a°) is strict. Moreover, by Proposition 27,
A" is a reduced N-referential algebraic system. Thus, by Proposition 10,
(F°,a°) is injective. |

COROLLARY 31. Let Sign be a category and SEN : Sign — Set a functor,
with N a category of natural transformations on SEN. For every congruen-
tial N -atlas system A’, the N -referential algebraic systems A° and A™*° are
isomorphic.

PROOF. The statement follows from Proposition 29 and the fact that the
canonical projection morphism of N-atlas systems (I, 7) : A" — A™ is strict
and surjective. ]

Corollary 31 implies that the functor ( )° : CASy — RASy and its
restriction to CAS% have the same range up to isomorphism.

9. From Referential Algebraic to Atlas Systems

Let Sign be a category and SEN : Sign — Set a functor, with N a category
of natural transformations on SEN. Let, also, 7/ = (SEN’, SEN’. (N F’))
be an N-referential algebraic system. Construct the tuple F'* = (A’ X'T)
by setting A'T = (SEN’, (N., F')) and, for every X € |Sign/|,

Xy = {en(9) : ¢ € SEN'(X)}, with ex(¢) = {X € SEN,(X): ¢ € X}.

Moreover, if (F,a) : SEN — SEN is an interpretation, then (F™ a™) =
(F,a) : SEN — SEN’ is an (N, N!)-epimorphic translation.
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ProposiTION 32. Let Sign be a category and SEN : Sign — Set be a
functor, with N a category of natural transformations on SEN.

1. If 7/ = (SEN',SEN’, (N., F')) is an N-referential algebraic system, then
F't = (A", X'") is a Frege-reduced N -atlas system.

2. Moreover, if § = (F',(F,«a)) is an augmented N -referential algebraic
system, then 't = (F'* (FT,a')) is an augmented N-atlas system.

PROOF. It is not difficult to verify that '™ = (A’*, X'") is a well-defined
N-atlas system. In fact, this follows from the fact that, for all ¥, ¥’ € |Sign’|,
all f € Sign’(3,Y) and all ¢ € SEN'(X),

SENL(f) ™' (e (9)) = ex(SEN'(f)(9))-
To see this, let X € SEN’(X). Then

X € SEN,(f) " ew(¢)) iff SENL(f)(X) € exr(¢)
iff ¢ € SEN'(f)~H(X)
iff SEN'(f)(¢) € X
iff X € es(SEN'(f)(9)).

To see that F'* is Frege reduced, suppose X € |Sign’| and X,Y € SEN.(X),
such that (X,Y) € Ag(F'"). Then, for all ¢ € SEN'(X), X € ex(¢) iff
Y € ex(¢). This is equivalent to ¢ € X iff ¢ € YV, for all ¢ € SEN'(X).
Therefore, X =Y and F'T is Frege-reduced.

The second statement is obvious in view of the fact that (F™,a™) :
SEN — SEN/, and (F,a) : SEN — SEN/, are identical. u

PROPOSITION 33. Let Sign be a category and SEN : Sign — Set be a
functor, with N a category of natural transformations on SEN. Let F' =

(SEN',SEN’, (N.,F")) be an N-referential algebraic system and § = (F’,

(F,a)) an augmented N -referential algebraic system. Then

1. 78 =187,

2. § is an I-N -referential algebraic system iff §' is an I-N-atlas system;

3. If F' is reduced, then, for all ¥ € |Sign’|, ex : SEN'(¥) — Xy is a
bijection.

PROOF. 1. Suppose, first, that ¥ € |Sign| and ® U {¢p} C SEN(X), such

that ¢ € Cgl(fb). By definition, this means that, for all ¥’ € |Sign| and
all f € Sign(X,Y’), we have

() as/ (SEN(£)(¢)) € asy(SEN(f)()). (11)

Pcd
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Let X' € |Sign|, f € Sign(%,Y’) and x € SEN/(F(Y)), such that
s (SEN(f)(®)) C epry(x)- This means that x € as(SEN(f)(6),
for all ¢ € ®. Thus, x € (\yeqp @ (SEN(f)(¢)). Therefore, by (11),
X € asy(SEN(f)(v)), i.e., as/ (SEN(f)(¥)) € €p(zry(x). This shows that
e S (@)

Assume, conversely, that ¥ € |Sign| and ® U {1} C SEN(X), such that
(TS C§/+(<I>). This means that, for all ¥’ € |Sign|, all f € Sign(%,Y’)
and all x € SEN'(F (X)),

asy(SEN(f)(®)) C epesyy(x) implies  asy (SEN(f)(¢)) € €p(sn(X)-

(12)
Let ¥ € |Sign|, f € Sign(3,Y’) and X € SEN,(F(X')), such that
X € Nyeo @ (SEN(f)(¢)). This implies that, for all ¢ € ® and all
X € X, we have x € ay/(SEN(f)(¢)), i.e., that, for all ¢ € ® and all
x € X, we have asy (SEN(f)(¢)) € ep(x)- By (12), as/ (SEN(f) (%)) €
ep(sy(X), for all x € X, and this is equivalent to X € ax/(SEN(f)(+)).
Therefore (g asy (SEN(f)(¢)) € asy (SEN(f)(¢)), for all ¥’ € [Signl|,

f € Sign(X,Y), showing that ¢ € C’g(q)).
2. This follows directly by Part 1.

3. If ' is reduced, then, for all ¥ € |Sign’| and all ¢,v € SEN'(Z), if,
for all X € SENL(X), ¢ € X iff » € X, then we have ¢ = +. Thus, if
¥ € [Sign’| and ¢, € SEN'(X), such that ex(¢) = ex (1)), we have that,
for all X € SEN,(X), ¢ € X iff ¢ € X, and, therefore, ¢ = 1, i.e., €y is
injective. [

Let Sign be a category and SEN : Sign — Set a functor, with N a
category of natural transformations on SEN. Let, also, 7/ = (SEN’, SEN’,
(N!,F")) and F" = (SEN",SEN” (N!, F")) be referential N-algebraic sys-
tems and (F,a) : 7' — F” a morphism of referential algebraic systems. By
definition, the functor F' is an isomorphism and (F~! a~!) : SEN” — SEN/,
is an (N, N!)-epimorphic translation. We define (F'*,a™) : /T — F'* by
setting

(Ftat) .= (F~ 1 at).

PRrROPOSITION 34. Let Sign be a category and SEN : Sign — Set a functor,
with N a category of natural transformations on SEN. Let, also, F' =
(SEN’,SEN’, (N., F")) and F" = (SEN”,SEN” (N! F")) be referential N -
algebraic systems and (F,«) : F' — F" a morphism of referential algebraic
systems.
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1. The mapping (F*,at) : F't — F'* is a morphism of Frege-reduced
N -atlas systems;

2. If (F,a) : F' — F" is surjective, then (Ft,a™) : F't — F'T is strict;

3. If (F,a) : F' — F" is strict, then (F*,at) : F't — F'" is surjective.

PROOF. 1. Since (F~1 a™1) : (SEN” (N” F")) — (SEN.,(N!, F')) is, by
definition an (N/ ,Ns’)—epimorphic translation, it suffices to show that,
for all ¥ € |Sign/|, (ag’) ™ : XL — X}«:&) is well-defined. In fact, it is
shown that, for all 3 € |Sign’| and all ¢ € SEN'(X),

(a5")THes(9) = ey (as(@))-
We have

(ag")Heg(¢) = (ag')H({X € SEN(E) : ¢ € X})
= {Ye SEN”( (X)) :
SHY) e{XGSEN’( ):p e X}}
= {Ye SEN”(F(Z) ¢ € ay (Y)}
{Y € SENY(F(X)) : ax(¢) € Y}
= 5%(2) (as(9))-

2. Suppose that (F,a) is surjective. Let ¥ € |Sign’| and Y € X;ﬁ&).
Then, there exists 1) € SEN"(F(X)), such that Y = €} s,)(¥). Since

(F,a) is surjective, there exists ¢ € SEN’(X), such that ¢ = ax(¢). Set
X =€ (¢) € X%, Then

) (X) = (a5") " (e(9)) = sy (an(8)) = sy (1) = Y.

Therefore (F*, a™) is strict.

3. If (F,a) : ' — F" is strict, then a1 : SEN” o F' — SEN/, is surjective,
by definition. Thus, (F't,a™) : T — F'T is surjective. n

COROLLARY 35. Let Sign be a category and SEN : Sign — Set a functor,
with N a category of natural transformations on SEN. Let, also, F' =
(SEN’,SEN’, (N., F")) and F" = (SEN" SEN” (N! F")) be N -referential
algebraic systems and (F,«a) : F' — F" a morphism of referential algebraic
systems. If (F,a) is surjective, then (F*, o) : F't — F't is injective.

ProorF. If (F,a) is surjective then, by Proposition 34, Part (2), (F't,a™)
is a strict morphism of reduced N-atlas systems. Thus, by Proposition 19,
(FT,a™) is injective. n
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COROLLARY 36. Let Sign be a category and SEN : Sign — Set a func-
tor, with N a category of natural transformations on SEN. For every N -
referential algebraic system F' = (SEN’, SEN. (N., F")), F'* and F** are
isomorphic reduced congruential N -atlas systems.

PRrooF. Consider the natural quotient morphism of N-referential algebraic
systems (I, 7r) : F/ — F™. It is strict and surjective, whence the morphism
(I, 7 %) : F*t — F'* is a strict, surjective and injective morphism of N-atlas
systems, i.e., an isomorphism. [ |

Corollary 36 shows that the functor ( )* : RASy — CASy and its
restriction to RASY% have the same range up to isomorphism of N-atlas
Systems.

10. Duality

In this section, it will be shown that the category CASY; of reduced congru-
ential N-atlas systems is dually equivalent to the category RAS?; of reduced
N-referential algebraic systems. The two functors ( )° : CASy — RASy
and ()" : RASy — CASy that were defined in the preceding section will
be employed. More precisely, their restrictions to the respective subcate-
gories of reduced objects will establish the desired duality between CASY
and RASY.

Let us denote these two functors, i.e., the restriction of ( )°: CASy —
RASy to CAS} and the restriction of ( )™ : RASy — CASy to RASY
by the same letters. Thus, we have °: CASy — RAS} and ©: RASY —
CASY%. To establish the duality between CAS} and RASY, the unit and
the counit of the relevant adjunction will be defined and the fact that they
are isomorphisms will be proven.

First, suppose that 7' = (SEN’,SEN’, (N!, F')) is a reduced N-refe-
rential algebraic system. Let us denote F'* = ((SEN,, (N, F')), X'*) and
F'+e = (SENY, SENY,, (N2, F*°)). Define the pair (Ig;gy, €’ ) : /T — F'
by letting, for all ¥ € |Sign’| €& : SEN'(X) — SEN°(X), be given, for all
¢ € SEN'(X), by

2 (¢) = {X € SEN.(Z): ¢ € X}.
Moreover, given a reduced N-atlas system A’ = ((SEN', (N', F")), X'), de-

note A° = (SEN°,SEN? (N/° F’°)) and A°T = ((SEN? (N[, F’°)),
X"°F). Define (Igjgy,n™*) : A" — A°F by letting, for all © € |Sign’l,
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7 SEN'(Z) — SEN(X) be given, for all ¢ € SEN'(X), by
0 (¢) ={X € A% : ¢ € X}.

Let 7' = (SEN',SEN., (N}, F’")) be a reduced N-referential algebraic
system. Recall that 7't = ((SEN’, (N!, F’)), X'T), where

X ={d (¢): 0 € SEN'(D)},
for all ¥ € |Sign’|, and F'*° = (SEN SEN (N2, F’°)), where

SENY(E) = Ay = {ef (¢) : ¢ € SEN'()},
for all ¥ € |Sign’|.

PROPOSITION 37. Let Sign be a category and SEN : Sign — Set a functor,
with N a category of natural transformations on SEN. For every reduced
referential N-algebraic system F' = (SEN',SEN. (N., F")), <ISign/,e}—/> :
F'to — F' s a strict and bijective morphism of referential N -algebraic
systems. Thus, F' and F'™° are isomorphic.

PRrROOF. Since, taking into account that F' is reduced, it is clear from the
relevant definitions that <ISIgn/7 ')« F'to — F' is bijective, we only show
that it is a valid morphism of referential N-algebraic systems and is also
strict.

For the first assertion, we must show that, for all ¥ € |Sign’| and all
X € SEN(%), (e£)~1(X) € SEN/(X). By the definition of SEN’ (%), there
exists X € SEN/(X), such that X = {X € X" : X € X}. Thus, we have

(£)71(%) = {¢peSEN'(D):e ( ) € X}
= {p€SEN'(D): L' (¢ )e{XeXg:XeX}}
= {¢ €SEN'(Y): X e ()}
= {9p€SEN(X):¢c X}
= X € SEN,(2).

This calculation also shows that (Igg,, € "y o Fte 5 F' s strict, since,
given ¥ € |Sign’| and X € SEN/(X), we have that X = {X¥ € X5 : X €
X} € SEN(X) and () H(X) = X. n

ProposITION 38. Let Sign be a category and SEN : Sign — Set a functor,
with N a category of natural transformations on SEN. For every reduced
N-atlas system A" = ((SEN',(N', ")), X"), (Igign, ") : A — A% is a
strict and bijective morphism of N-atlas systems. Thus, A" and A°T are
isomorphic.
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ProOF. It is clear from the relevant definitions that (Ig;gy, vy s A — At
is bijective. So it will only be shown that it is a valid morphism of N-atlas
systems and strict.

For the first assertion, we must show that, for all ¥ € |Sign’| and all
X e X, (nd)"1(X) € XL By the definition of XLT, there exists X €
SEN°(X) = X{, such that X = {X € SEN?(X) : X € X'}. Thus, we have

E)H(X) = (d)'({X € SEND(D): X € X})
= {p€SEN'(D) : 8 (¢) € {X € SEN?(%): X € A}}
= {¢€SEN'(2): X € nf'(¢)}
= {$peSEN'(2):¢c X}
= Xeis.

This calculation also shows that (ISign/,nAl) : A — A°T s strict, since,
given ¥ € |Sign’| and X € XY, we have that X = {X¥ € SEN?(X) : X €
XY e X and (nd)1(X) = X. m

PROPOSITION 39. Let Sign be a category and SEN : Sign — Set a functor,
with N a category of natural transformations on SEN. Then € : ( )t° —
Irasy,, with e = {<ISign/,e]:/) : F' € IRASY I}, and i : Icasy, — ()°F, with
n= {<ISign/,17A/> : A € |CASY|}, are natural transformations.

PROOF. We must show that the following two rectangles commute, for all
reduced N-referential algebraic systems F', 7" all morphisms (F, «a) : F' —
F" of N-referential algebraic systems, all Frege reduced N-atlas systems A’,
A" and all morphisms of N-atlas systems (G, 3) : A — A".

F! A’

‘7:_/+O <ISign/7 € > . L <ISign/7 n > . A/O+
(F,a™?) (F,a)(G,f) (G,B°T)
f‘//+o — f// A// — Allo+
<ISign”7 e > <ISign”7 77A >

We only demonstrate the commutativity of the first square, since that of
the second may be shown similarly. Let ¥ € |Sign’| and ¢ € SEN’(Y’) and
recall that e : SEN/(X) — SEN(X). We have
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af°('(9)) = of°({X € SENY(S): ¢ € X})
= (of) '({X € SEN,(D): ¢ € X})
= {Y € SEN/(F(2)): a(Y) € {X € SEN/(Z): ¢ € X}}
= {Y €SEN,(F(2)): ¢ € ax'(Y)}
= {YHG SEN,(F (X)) : ax(¢) € Y}
= 6?(2)(042(@)- -

THEOREM 40. Let Sign be a category and SEN : Sign — Set a functor, with
N a category of natural transformations on SEN. The categories CASY and
RASY are dually equivalent categories through ( )° : CASy — RASY and
()" :RASy — CASy.

Proor. This follows from Propositions 37, 38 and 39. [
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