Noname manuscript No. (will be inserted by the editor)

Categorical Abstract Algebraic Logic Weakly Algebraizable π-Institutions

George Voutsadakis

Received: March 15, 2007 / Accepted: date

Abstract Weakly algebraizable sentential logics were introduced by Czelakowski and Jansana and constitute a class in the abstract algebraic hierarchy of logics lying between the protoalgebraic logics of Blok and Pigozzi and the algebraizable logics, in the sense of Czelakowski’s and Hermann’s generalization of the original notion introduced by Blok and Pigozzi. Very recently protoalgebraic π-institutions were introduced by the author in order to abstract the algebraic hierarchy to the categorical level. The present work continues this program by introducing the class of weakly algebraizable π-institutions, a proper superclass of protoalgebraic π-institutions, sharing many of the properties of the weakly algebraizable sentential logics of Czelakowski and Jansana.

Keywords Algebraic logic · Equivalent deductive systems · Algebraizable logics · Lattice of theories · Leibniz operator · Protoalgebraic logics · Institutions · Equivalent institutions · Algebraizable institutions · Leibniz congruence systems · Protoalgebraic π-institutions

Mathematics Subject Classification (2000) 03G99 · 18C15 · 08C05 · 08B05 · 68N30

1 Introduction

In [2] Blok and Pigozzi introduced the class of protoalgebraic sentential logics. Given a logic S = ⟨L, ⊢_S ⟩ and a set of L-formulas Γ, two formulas α and β are Γ -equivalent if, for every formula γ(p, q),

Γ ⊢_S γ(α, q) iff Γ ⊢_S γ(β, q).

On the other hand, α and β are Γ -interderivable if

Γ, α ⊢_S β iff Γ, β ⊢_S α.

George Voutsadakis School of Mathematics and Computer Science Lake Superior State University Sault Sainte Marie, MI 49783 USA E-mail: gvoutsad@lssu.edu

According to the original definition in [2], a logic S = ⟨L, ⊢_S ⟩ is protoalgebraic if, for all Γ ⊆ Fm_L(V ), any two formulas that are Γ -equivalent are also Γ -interderivable. This definition was shown to be equivalent to the monotonicity of the Leibniz operator, that associates to every theory of the logic S the greatest congruence on the formula algebra that is compatible with the theory. It is now widely accepted in abstract algebraic logic that the class of protoalgebraic logics is the widest class of logics that are amenable to a study via universal algebraic techniques.

Later, in [3], Blok and Pigozzi introduced the class of algebraizable sentential logics. With updated terminology, these are now better known as the finitely algebraizable logics and this new term will be used here in reference to them. The original definition stipulates that a finitary logic S = ⟨L, ⊢_S ⟩ is finitely algebraizable if there exists a class K of L-algebras, such that S is interpretable in the equational logic S_K = ⟨L, |=_K ⟩ of the class K, S_K is interpretable in S and the two interpretations are inverses of one another in a specific technical sense. It was shown in [3] that finite algebraizability is equivalent to the Leibniz operator being an isomorphism between the complete lattice of theories of S and the complete lattice of K-congruences on the formula algebra Fm_L(V ). This, in turn is tantamount to the Leibniz operator being injective and continuous on the theories of the logic (see, e.g., Theorem 4.6.2 of [7]).

Taking after the work of Blok and Pigozzi, Czelakowski [6] and, independently, Herrmann [14], [15], [16] generalized the notion to encompass infinitary deductive systems, thus obtaining what are now known as the algebraizable logics. These are characterized by the property of the Leibniz operator being monotone, injective and commuting with inverse substitutions on the theories of the logic. For more details, see Theorem 4.5.5 of [7]. The reader may notice that passing from the protoalgebraic to the algebraizable logics in this sense, besides monotonicity, requires that the Leibniz operator satisfy the two extra properties of injectivity and commutativity with inverse substitutions.

A question now naturally arises concerning the classes that are obtained as intermediate classes between the protoalgebraic and the algebraizable logics if one adds to monotonicity, either commutativity of the Leibniz operator with inverse substitutions alone, or injectivity of the Leibniz operator alone.

The logics that are characterized by the monotonicity of the Leibniz operator on their theories plus its commutativity with inverse substitutions are the equivalential logics, that were introduced by Prucnal and Wroński [18] and, later, studied in detail by Czelakowski [5]. According to the original definition, a logic S = ⟨L, ⊢_S ⟩ is equivalential if there exists a set E(p, q) of L-formulas in two variables p and q, such that, for all formulas α, β, γ, all operation symbols λ ∈ L and all tuples α, β of formulas of length the arity of λ, the following conditions hold:

1. ⊢_S E(α, α);

2. E(α, β) ⊢_S E(β, α);

3. E(α, β) ∪ E(β, γ) ⊢_S E(α, γ);

4. E(α_0, β_0) ∪ . . . ∪ E(α_{n−1}, β_{n−1}) ⊢_S E(λ(α), λ(β)); 5. E(α, β) ∪ {α} ⊢_S β.

In recent work, Czelakowski and Jansana [8] introduced the class of sentential logics that falls between the protoalgebraic and the algebraizable logics and are characterized by the monotonicity of the Leibniz operator on the theories of the logic plus its injectivity. These are the weakly algebraizable logics. Since monotonicity of the Leibniz operator characterizes protoalgebraic logics and these had been studied extensively before, [8] focuses on its best part in giving several characterizations of the injectivity of the Leibniz operator in terms of the definability, both implicit and explicit, of the filters of classes of matrices for the logic. These results are then used to obtain several alternative characterizations of weak algebraizability. Czelakowski’s and Jansana’s work is completed by the presentation of several examples showing that all classes, discussed so far, and summarized in the following diagram, are dinstinct from each other. In the diagram arrows denote inclusion of classes.

equivalential weakly algebraizable algebraizable � � � � � �

protoalgebraic � � � � � � In recent work [24]-[31], the theory of the Leibniz operator was adapted to cover logics that are presented as π-institutions. The framework of π-institutions covers logics with multiple signatures and quantifiers and has the special feature that it incorporates substitutions of terms of one signature for basic symbols of another in the object language, rather than relegating them to the metalanguage. It thus provides a more efficient setting for handling non sentential logics (see, e.g., [19], [20], [21] for more explanations). The motivating examples for developing this more abstract framework have been the algebraization of equational and of first-order logic [22], [23] in a way more natural than that employed by more traditional treatments.

As a result of the development of this theory, in more recent work [30], [31] the notion of a protoalgebraic π-institution was introduced. In analogy with sentential logics, protoalgebraic π-institutions are π-institutions whose Leibniz operator is monotone on theory families. Several properties of protoalgebraic π-institutions were studied in [30], [31] and the reader is referred to these works for further information. It is remarked here that the generality of this framework allows, in many cases, only partial analogs of results pertaining to sentential logics to be carried over to π-institutions. Nevertheless, the exploration of the limits to which results known to hold in the more concrete framework may be abstracted to π-institutions is necessary for successfully carrying out this abstraction process.

In the present paper, the introduction and study of properties of weakly algebraizable π-institutions, corresponding to the class of weakly algebraizable sentential logics, is initiated. Again an effort is made to establish analogs at the level of π-institutions of as many of the properties obtained by Czelakowski and Jansana for sentential logics as possible. The knowledgeable reader will discover that here, as was the case with protoalgebraic π-institutions, a certain distance may be covered, but full analogs of some results are more difficult to establish.

In Section 2, parameterized equivalence systems, that were previously introduced for π-institutions in [31], are reviewed and an interesting new result characterizing them is obtained. In Section 3, implicit and explicit definability of theory systems is studied. It is shown that implicit definability is equivalent to injectivity of the Leibniz operator on theory families but that explicit definability seems to be a stronger property, unlike the situation encountered in the sentential framework, where all three conditions are shown to be equivalent. Finally, in Section 3, weakly algebraizable π-institutions are introduced and a characterization theorem together with a sufficient condition for weak algebraizability are provided.

For all unexplained categorical terminology and notation the reader is referred to any of [1], [4], [17]. For the definitions pertaining to institutions see [12], [13], whereas πinstitutions were introduced in [9]. For background on the theory of abstract algebraic logic and discussion of the classes of the abstract algebraic hierarchy, some of which were mentioned in this introduction, the reader is referred to the review article [11], the monograph [10] and the comprehensive treatise [7].

2 Parameterized Equivalence Systems

Some of the elements of the theory of N-parameterized equivalence systems, presented in Section 4 of [31], that are needed for the part of the theory developed here, will be reviewed in this section.

Let I = ⟨Sign, SEN, {C_Σ }_{Σ∈|Sign|}⟩ be a π-institution and N a category of natural transformations on SEN. Suppose that E is a set of natural transformations of the form ϵ : SEN^{k+2} → SEN in N, i.e.,

E = {ϵ^i : SEN^{ki +2} → SEN : i ∈ I},

where ϵ^i is in N, for all i ∈ I. The following notation, borrowed from [7], will prove convenient.

E_Σ (ϕ, ψ, χ) = {ϵ_Σ (ϕ, ψ, χ_0, . . . , χ_{k−1}) : ϵ ∈ E with ϵ : SEN^{k+2} → SEN},

for all Σ ∈ |Sign|, ϕ, ψ ∈ SEN(Σ) and χ ∈ SEN(Σ)^ω. Also, following [7], Section 1.2, denote, for all Σ ∈ |Sign|, ϕ, ψ ∈ SEN(Σ),

E_Σ(⟨ϕ, ψ⟩) = ⋃ χ∈SEN(Σ)^ω

E_Σ(ϕ, ψ, χ).

Moreover, given Σ ∈ |Sign| and Δ ⊆ SEN(Σ)^2, let

E_Σ (⟨Δ⟩) = ⋃ ⟨ϕ,ψ⟩∈Δ

E_Σ(⟨ϕ, ψ⟩).

Finally, for all theory families T of I, define the family of binary relations E(T ) = {E_Σ (T )}_{Σ∈|Sign|} by letting, for all Σ ∈ |Sign|, ϕ, ψ ∈ SEN(Σ),

⟨ϕ, ψ⟩ ∈ E_Σ(T ) iff E_Σ′ (⟨SEN(f)(ϕ), SEN(f)(ψ)⟩) ⊆ T_Σ′ , for all Σ^′ ∈ |Sign|, f ∈ Sign(Σ, Σ^′). (1) It is easy to see that, for all Σ_1, Σ_2 ∈ |Sign|, f ∈ Sign(Σ_1, Σ_2),

⟨ϕ, ψ⟩ ∈ E_{Σ1} (T ) implies ⟨SEN(f)(ϕ), SEN(f)(ψ)⟩ ∈ E_{Σ2} (T ),

i.e., E(T ) is a relation system on SEN.^1

1 System, as opposed to family, is used in the categorical theory to describe a collection indexed by signature objects and preserved by signature morphisms.

The right-hand side of the Equivalence (1) will sometimes be abbreviated to

(∀f)(E_Σ′ (⟨SEN(f)^2(ϕ, ψ)⟩) ⊆ T_Σ′ ).

In Proposition 4.1 of [31], it is shown that, if E(T ) is a reflexive relation system, i.e., E_Σ(T ), Σ ∈ |Sign|, is a reflexive binary relation on SEN(Σ), for all Σ ∈ |Sign|, then E(T ) contains the Leibniz N-congruence system Ω^N (T ). Thus, by the maximality property of Ω^N (T ), if E(T ) is an N-congruence system of I compatible with the theory family T , then it has to coincide with Ω^N (T ).

Given a π-institution I = ⟨Sign, SEN, C⟩, with N a category of natural transformations on SEN, a subset E of N, as above, will be said to be an N-parameterized equivalence system for I if, for all Σ ∈ |Sign|, ϕ, ψ ∈ SEN(Σ), σ : SEN^n → SEN in N, and all ϕ, ψ ∈ SEN(Σ)^n,

(R) E_Σ(⟨ϕ, ϕ⟩) ⊆ C_Σ (∅), (MP) for every theory family T of I,

– ϕ ∈ T_Σ and – E_Σ′ (⟨SEN(f)(ϕ), SEN(f)(ψ)⟩) ⊆ T_Σ′ , for all Σ^′ ∈ |Sign| and all f ∈ Sign(Σ, Σ^′), imply ψ ∈ T_Σ, (RP) for every theory family T of I, E_Σ′ (⟨SEN(f)(ϕ_i), SEN(f)(ψ_i)⟩) ⊆ T_Σ′ , for all Σ^′ ∈ |Sign| and all f ∈ Sign(Σ, Σ^′), i < n, imply

E_Σ′ (⟨SEN(f)(σ_Σ (ϕ)), SEN(f)(σ_Σ (ψ))⟩) ⊆ T_Σ′ ,

for all Σ^′ ∈ |Sign| and all f ∈ Sign(Σ, Σ^′).

(R) stands for reflexivity, (MP) for modus ponens and (RP) for replacement. The added complexity of these three conditions, as compared to the corresponding conditions of [7], is due to the additional effort needed in the present framework to make the collection of relations E(T ) structural, i.e., a relation system.

Note that the three conditions have the following abbreviated forms, according to the convention introduced after Equivalence (1):

(R) E_Σ(⟨ϕ, ϕ⟩) ⊆ C_Σ (∅), (MP) for every theory family T of I, if ϕ ∈ T_Σ and (∀f)(E_Σ′ (⟨SEN(f)^2(ϕ, ψ)⟩) ⊆ T_Σ′ ), then ψ ∈ T_Σ , (RP) for every theory family T of I, if (∀f)(E_Σ′ (⟨SEN(f)^2(ϕ_i, ψ_i)⟩) ⊆ T_Σ′ ), for all i < n, then (∀f)(E_Σ′ (⟨SEN(f)^2(σ_Σ(ϕ), σ_Σ (ψ))⟩) ⊆ T_Σ′ ).

Lemma 4.3 of [31] asserts that an N-parameterized equivalence system E of a πinstitution I gives rise to a reflexive, symmetric and N-invariant relation system E(T ) that is compatible with T , for every theory family T of I. More precisely, if E is an N-parameterized equivalence system for I and T a theory family of I, then

1. E(T ) is reflexive, 2. E(T ) is compatible with T and 3. for all Σ ∈ |Sign|, σ : SEN^n → SEN in N, ϕ, ψ ∈ SEN(Σ)^n,

⟨ϕ_i, ψ_i⟩ ∈ E_Σ (T ), i < n, imply ⟨σ_Σ (ϕ), σ_Σ(ψ)⟩ ∈ E_Σ(T ).

Furthermore, in Lemma 4.4 of [31], it is shown that the relation E(T ), associated with an N-parameterized equivalence system E of a π-institution I and a theory family T of I, satisfies a property satisfied by all N-congruence systems of I. More precisely, using the notational convention of Equation (2) of [30], if T a theory family of I, then, for all Σ ∈ |Sign|, ϕ, ψ ∈ SEN(Σ), if ⟨ϕ, ψ⟩ ∈ E_Σ(T ) then, for all Σ^′ ∈ |Sign|, f ∈ Sign(Σ, Σ^′), and all σ : SEN^n → SEN in N, χ ∈ SEN(Σ^′)^{n−1},

⟨σ_Σ′ (SEN(f)(ϕ), χ), σ_Σ′ (SEN(f)(ψ), χ)⟩ ∈ E_Σ′ (T ).

This is followed by Lemma 4.5, which shows that E(T ) is a symmetric relation system of I, for every N-parameterized equivalence system E and every theory family T of I, and this chain of results culminates in the characterization Theorem 4.6 of [31], which shows that a collection E of natural transformations in N is an N-parameterized equivalence system for a π-institution I if and only if E(T ) = Ω^N (T ), for every theory family T of I.

Finally, in the main Proposition 4.8 of [31], it is shown that a π-institution I = ⟨Sign, SEN, C⟩, with N a category of natural transformations on SEN, is N-proto-algebraic if it possesses an N-parameterized equivalence system.

Proposition 1 [Proposition 4.8 of [31]] Let I = ⟨Sign, SEN, C⟩ be a π-institution and N a category of natural transformations on SEN. If I possesses an N-parameterized equivalence system, then it is N-protoalgebraic.

An alternative characterization of an N-parameterized equivalence system for a π-institution I is given in the following theorem, which is an analog of Theorem 4.1 of [8].

Theorem 1 Let I = ⟨Sign, SEN, C⟩ be a π-institution and N a category of natural transformations on SEN. Then a subcollection E = {ϵ^i : SEN^{2+ki} → SEN : i ∈ I} of natural transformations in N is an N-parameterized equivalence system for I if and only if

1. For all Σ ∈ |Sign|, Δ ∪ {⟨ϕ, ψ⟩} ⊆ SEN(Σ)^2 and all T ∈ ThFam(I),

(Δ ⊆ Ω^N (T ) ⇒ ⟨ϕ, ψ⟩ ∈ Ω^N (T )) implies ((∀f)(E_Σ′ (⟨SEN(f)^2(Δ)⟩) ⊆ T_Σ′ ) ⇒ (∀f)(E_Σ′ (⟨SEN(f)^2(ϕ, ψ)⟩) ⊆ T_Σ′ )).

2. For all Σ ∈ |Sign|, ϕ, ψ ∈ SEN(Σ) and all T ∈ ThFam(I), if ϕ ∈ T_Σ and (∀f)(E_Σ′ (⟨SEN(f)^2(ϕ, ψ)⟩) ⊆ T_Σ′ ), then ψ ∈ T_Σ .

Proof Suppose, first, that E is an N-parameterized equivalence system for I. Then Condition 2 is satisfied by the definition, whence it suffices to prove Condition 1. To this end, let Σ ∈ |Sign|, Δ ∪ {⟨ϕ, ψ⟩} ⊆ SEN(Σ)^2 and T ∈ ThFam(I). Then

Δ ⊆ Ω^N_Σ (T ) ⇒ ⟨ϕ, ψ⟩ ∈ Ω^N_Σ (T ) iff Δ ⊆ E_Σ (T ) ⇒ ⟨ϕ, ψ⟩ ∈ E_Σ (T ) iff (∀f)(E_Σ′ (⟨SEN(f)^2(Δ)⟩) ⊆ T_Σ′ ) ⇒ (∀f)(E_Σ′ (⟨SEN(f)^2(ϕ, ψ)⟩) ⊆ T_Σ′ ).

Suppose, conversely, that Conditions 1 and 2 of the statement hold for E. Because of Condition 2, to show that E is an N-parameterized equivalence system for I, it suffices to prove that (R) and (RP) hold for E. Now Condition 1 gives, for all Σ ∈ |Sign|, ϕ ∈ SEN(Σ),

⟨ϕ, ϕ⟩ ∈ Ω^N_Σ (C_Σ (∅)) implies (∀f)(E_Σ′ (⟨SEN(f)^2(ϕ, ϕ)⟩) ⊆ C_Σ′ (∅)).

Since the hypothesis always holds, we get, using f = i_Σ , that E_Σ(⟨ϕ, ϕ⟩) ⊆ C_Σ(∅). Hence (R) holds.

Condition 1 also gives, for all T ∈ ThFam(I), σ : SEN^n → SEN in N, all Σ ∈ |Sign| and all ϕ, ψ ∈ SEN(Σ)^n,

(∀i < n)(⟨ϕ_i, ψ_i⟩ ∈ Ω^N_Σ (T )) ⇒ ⟨σ_Σ(ϕ), σ_Σ (ψ)⟩ ∈ Ω^N_Σ (T ) implies (∀i < n)(∀f)(E_Σ′ (⟨SEN(f)^2(ϕ_i, ψ_i)⟩) ⊆ T_Σ′ ) ⇒ (∀f)(E_Σ′ (⟨SEN(f)^2(σ_Σ (ϕ), σ_Σ(ψ))⟩) ⊆ T_Σ′ ).

Since the hypothesis again holds in general, we obtain

(∀i < n)(∀f)(E_Σ′ (⟨SEN(f)^2(ϕ_i, ψ_i)⟩) ⊆ T_Σ′ ) ⇒ (∀f)(E_Σ′ (⟨SEN(f)^2(σ_Σ (ϕ), σ_Σ(ψ))⟩) ⊆ T_Σ′ ),

which is the rule (RP).

Therefore, E is an N-parameterized equivalence system for I.

3 Injectivity of the Leibniz Operator on Theory Systems

Recall from [31], Section 5, the relation ∼ between two theory systems T^1, T^2 in the collection ThSys^{⟨F,α⟩}_I (SEN^′) of all theory systems of an ⟨F, α⟩-min (N, N^′)-model I^{′min} = ⟨Sign^′, SEN^′, C^{′min}⟩ of I on SEN^′, via a surjective (N, N^′)-logical morphism ⟨F, α⟩ : I⟩−^{se}I^′, which was defined by

T^1 ∼ T^2 iff Ω^{N ′} (T^1) = Ω^{N ′} (T^2),

i.e., ∼ is the kernel of the N^′-Leibniz operator as applied on the collection of theory systems ThSys^{⟨F,α⟩}_I (SEN^′). Proposition 5.3 of [31] showed that, for I N-protoal-gebraic, at most one of the theory systems in each ∼-equivalence class is a member of ThSys^{⟨F,α⟩⋆}

I (SEN^′), the collection of all those theory systems T^′ of I^{′min} that are such that I^{′minT ′} = ⟨Sign^′, SEN^′, C^{′minT ′} ⟩ is an ⟨F, α⟩-full (N, N^′)-model of I.

If I is N-protoalgebraic, then, denoting by T /∼ the ∼-equivalence class of a theory system T , we get that

Ω^N ( ⋂ T /∼) = ⋂ T^′∈T /∼

Ω^N (T^′) = ⋂ T^′∈T /∼

Ω^N (T ) = Ω^N (T ),

whence the theory system ⋂ T /∼ is in the same ∼-class with T. It was shown in Proposition 5.4 of [31] that ⋂ T /∼ is in ThSys^{⟨F,α⟩⋆}_I (SEN^′), i.e., that ⋂ T /∼ is the representative of T /∼ in ThSys^{⟨F,α⟩⋆}_I (SEN^′). More precisely, we had

Proposition 2 [Proposition 5.4 of [31]] Suppose I = ⟨Sign, SEN, C⟩ is a π-institution and N a category of natural transformations on SEN. Let SEN^′ : Sign^′ → Set be a functor, N^′ a category of natural transformations on SEN^′ and ⟨F, α⟩ : SEN →^{se} SEN^′ a surjective (N, N^′)-epimorphic translation. If I is N-protoalgebraic and T is a theory system of the ⟨F, α⟩-min (N, N^′)-model of I on SEN^′, then the following statements are equivalent:

1. T ∈ ThSys^{⟨F,α⟩⋆}_I (SEN^′).

2. T is the least element in the class T /∼.

3. T /Ω^{N ′} (T ) is the least element in ThSys^{⟨F,πN} ′ F α⟩

I (SEN^{′N ′} ).

Proposition 2 yielded the following corollary:

Proposition 3 [Proposition 5.5 of [31]] Suppose I = ⟨Sign, SEN, C⟩ is a π-institution and N a category of natural transformations on SEN. Let SEN^′ : Sign^′ → Set be a functor, N^′ a category of natural transformations on SEN^′ and ⟨F, α⟩ : SEN →^{se} SEN^′ a surjective (N, N^′)-epimorphic translation. If I is N-protoalgebraic, then we have that ThSys^{⟨F,α⟩⋆}_I (SEN^′) = ThSys^{⟨F,α⟩}_I (SEN^′) if and only if Ω^{⟨F,α⟩}_{SEN′} is injective on ThSys^{⟨F,α⟩}_I (SEN^′).

Now recall from Proposition 4.8 of [31] (repeated in the present paper as Proposition 1) that the existence of an N-parameterized equivalence system for a π-institution I implies that I is N-protoalgebraic. Therefore, by the preceding remarks, if I has an N-parameterized equivalence system, then every ∼-equivalence class of theory systems has a minimum member. This minimum element is now characterized based on the existence of an N-parameterized equivalence system. This result forms an analog in the π-institution framework of Lemma 3.4 of [8] for sentential logics.

Lemma 1 Suppose that I = ⟨Sign, SEN, C⟩ is a π-institution, N a category of natural transformations on SEN and E an N-parameterized equivalence system for I. Then, for every theory system T of I, the collection T^∗ = {T^∗_Σ }_{Σ∈|Sign|}, defined, for all Σ ∈ |Sign|, by T^∗_Σ = C_Σ( ⋃ {E_Σ(⟨ϕ, ψ⟩) : ⟨ϕ, ψ⟩ ∈ Ω^N_Σ (T )}),

is a theory system of I and it is the minimum element of T /∼.

Proof It is shown, first, that T^∗ = {T^∗_Σ }_{Σ∈|Sign|} is indeed a theory system of I. It is clearly a theory family, whence it suffices to show that, for all Σ_1, Σ_2 ∈ |Sign| and all f ∈ Sign(Σ_1, Σ_2), SEN(f)(T^∗_{Σ1} ) ⊆ T^∗_{Σ2} . We have

SEN(f)(T^∗_{Σ1} ) = SEN(f)(C_{Σ1} ( ⋃ {E_{Σ1} (⟨ϕ, ψ⟩) : ⟨ϕ, ψ⟩ ∈ Ω^N_{Σ1} (T )})) ⊆ C_{Σ2} (SEN(f)( ⋃ {E_{Σ1} (⟨ϕ, ψ⟩) : ⟨ϕ, ψ⟩ ∈ Ω^N_{Σ1} (T )})) = C_{Σ2} ( ⋃ {SEN(f)(E_{Σ1} (⟨ϕ, ψ⟩)) : ⟨ϕ, ψ⟩ ∈ Ω^N_{Σ1} (T )}) ⊆ C_{Σ2} ( ⋃ {E_{Σ2} (⟨SEN(f)(ϕ), SEN(f)(ψ)⟩) :

⟨SEN(f)(ϕ), SEN(f)(ψ)⟩ ∈ Ω^N_{Σ2} (T )}) ⊆ C_{Σ2} ( ⋃ {E_{Σ2} (⟨ϕ, ψ⟩) : ⟨ϕ, ψ⟩ ∈ Ω^N_{Σ2} (T )}) = T^∗_{Σ2} .

For every ⟨ϕ, ψ⟩ ∈ Ω^N_Σ (T ) = E_Σ(T ), we have that E_Σ(⟨ϕ, ψ⟩) ⊆ T_Σ, whence ⋃ {E_Σ(⟨ϕ, ψ⟩) : ⟨ϕ, ψ⟩ ∈ Ω^N_Σ (T )} ⊆ T_Σ,

for every Σ ∈ |Sign|. This immediately yields that T^∗_Σ ⊆ T_Σ, for all Σ ∈ |Sign|, i.e., T^∗ ≤ T . Therefore, using Proposition 1, we obtain, by the N-protoalgebraicity of I, that Ω^N (T^∗) ≤ Ω^N (T ).

Suppose, now, that ⟨ϕ, ψ⟩ ∈ Ω^N_Σ (T ). Since Ω^N (T ) is, by definition, an N-congru-ence system, we obtain that, for all Σ^′ ∈ |Sign|, f ∈ Sign(Σ, Σ^′),

⟨SEN(f)(ϕ), SEN(f)(ψ)⟩ ∈ Ω^N_Σ′ (T ),

and, therefore, by the definition of T^∗, that E_Σ′ (⟨SEN(f)(ϕ), SEN(f)(ψ)⟩) ⊆ T^∗_Σ′ . Thus, by the definition of E_Σ(T ), we get that ⟨ϕ, ψ⟩ ∈ E_Σ(T^∗) = Ω^N_Σ (T^∗). Thus Ω^N (T ) ≤ Ω^N (T^∗).

Therefore Ω^N (T ) = Ω^N (T^∗), i.e., T ∼ T^∗. If, T^′ is a theory system of I, such that T^′ ∼ T , then, since Ω^N (T^′) = Ω^N (T ), we obtain that T^{′∗} = T^∗, whence T^∗ ⊆ T^′, which shows that T^∗ is the least theory system of I in T /∼.

Recall, from [30] the definition of the least theory system T^{⟨Σ0,Φ0⟩} of a π-institution I that contains the theory system T of I and a fixed set Φ_0 of Σ_0-sentences over some signature Σ_0 ∈ |Sign|. Using this notion, a theorem is provided that characterizes the injectivity of the N-Leibniz operator on theory systems of a π-institution I in terms of the ∼-equivalence class of the theory system T^{⟨Σ0,ϕ0⟩}, for an arbitrary Σ_0-sentence ϕ_0, for arbitrary Σ_0 ∈ |Sign|. This result forms an analog of Theorem 3.5 of [8] for π-institutions.

Recall that, given a π-institution I = ⟨Sign, SEN, C⟩, by

Thm = {Thm_Σ}_{Σ∈|Sign|} = {C_Σ (∅)}_{Σ∈|Sign|}

is denoted the theorem system of I, which is always the smallest theory system and the smallest theory family of I.

Theorem 2 Suppose that I = ⟨Sign, SEN, C⟩ is a π-institution, N a category of natural transformations on SEN and E an N-parameterized equivalence system for I. Then, the following statements are equivalent:

1. Ω^N is injective on theory systems.

2. For all Σ_0 ∈ |Sign|, ϕ_0 ∈ SEN(Σ_0), Thm^{⟨Σ0,ϕ0⟩}/∼ is a singleton. 3. For all Σ, Σ_0 ∈ |Sign|, ϕ_0 ∈ SEN(Σ_0),

Thm^{⟨Σ0,ϕ0⟩}

Σ = C_Σ( ⋃ {E_Σ(⟨ψ, χ⟩) : ⟨ψ, χ⟩ ∈ Ω^N_Σ (Thm^{⟨Σ0,ϕ0⟩})}). (2)

Proof1 → 2 This part is obvious.

2 → 3 Suppose, next, that, for all Σ_0 ∈ |Sign|, ϕ_0 ∈ SEN(Σ_0), Thm^{⟨Σ0,ϕ0⟩}/∼ is a singleton. Thus, we must have Thm^{⟨Σ0,ϕ0⟩∗} = Thm^{⟨Σ0,ϕ0⟩}, whence, by Lemma 1, for all Σ ∈ |Sign|,

Thm^{⟨Σ0,ϕ0⟩}

Σ = C_Σ( ⋃ {E_Σ(⟨ψ, χ⟩) : ⟨ψ, χ⟩ ∈ Ω^N_Σ (Thm^{⟨Σ0,ϕ0⟩})}).

3 → 1 Suppose, now, that, for all Σ, Σ_0 ∈ |Sign|, ϕ_0 ∈ SEN(Σ_0), Equation (2) holds.

The goal is to show that, for every theory system T of I, T^∗ = T, since this will yield that T /∼ is a singleton, for every theory system T, and, therefore, that Ω^N is injective on theory systems.

As it was already seen in the proof of Lemma 1, T^∗ ≤ T, for all theory systems T of I. Now let Σ ∈ |Sign|, ϕ ∈ SEN(Σ), such that ϕ ∈ T_Σ . We have, by the minimality of Thm^{⟨Σ,ϕ⟩} (Lemma 3.6 of [30]), that Thm^{⟨Σ,ϕ⟩} ≤ T . Hence, by Nprotoalgebraicity, we obtain that Ω^N (Thm^{⟨Σ,ϕ⟩}) ≤ Ω^N (T ). Thus, using Equation (2), we get that

ϕ ∈ Thm^{⟨Σ,ϕ⟩}_Σ

= C_Σ ( ⋃ {E_Σ (⟨ψ, χ⟩) : ⟨ψ, χ⟩ ∈ Ω^N_Σ (Thm^{⟨Σ,ϕ⟩})}) ⊆ C_Σ ( ⋃ {E_Σ (⟨ψ, χ⟩) : ⟨ψ, χ⟩ ∈ Ω^N_Σ (T )}) = T^∗_Σ .

Thus ϕ ∈ T^∗_Σ, which yields T ≤ T^∗. Therefore T = T^∗, as was to be shown.

The next main result (Theorem 3) is a restricted “transfer theorem”. It says that the injectivity of the N-Leibniz operator on the theory systems of a given π-institution implies the injectivity of the N^′-Leibniz operator on the theory systems of any (N, N^′)- model I^′ = ⟨Sign^′, SEN^′, C^′⟩ of I via a surjective (N, N^′)-logical morphism ⟨F, α⟩ : I⟩−^{se}I^′. Theorem 3 forms an analog of Theorem 3.6 of [8] for π-institutions. For its proof, however, a chain of technical lemmas are needed, which will now be formulated and presented.

The first lemma asserts that if both a theory system T and a specific Σ_0-sentence ϕ_0 of a π-institution I are mapped inside a theory system T^′ of another π-institution I^′ via a surjective singleton semi-interpretation ⟨F, α⟩ : I⟩−^sI^′, then the least theory system T^{⟨Σ0,ϕ0⟩} is also mapped inside T^′.

Lemma 2 Suppose that I = ⟨Sign, SEN, C⟩, I^′ = ⟨Sign^′, SEN^′, C^′⟩ are π-institu-tions, ⟨F, α⟩ : I⟩−^sI^′ a surjective singleton semi-interpretation, T a theory system of I, T^′ a theory system of I^′, Σ_0 ∈ |Sign| and ϕ_0 ∈ SEN(Σ_0). If, for all Σ ∈ |Sign|, α_Σ (T_Σ) ⊆ T^′_{F (Σ)} and α_{Σ0} (ϕ_0) ∈ T^′_{F (Σ0)}, then, for all Σ ∈ |Sign|,

α_Σ (T^{⟨Σ0,ϕ0⟩}

Σ ) ⊆ T^′_{F (Σ)}.

Proof To show the required inclusions, it suffices, by Lemma 5 of [30], to show that T ≤ α^{−1}(T^′) and ϕ_0 ∈ α^{−1}_{Σ0} (T^′_{F (Σ0)}).

For the first inclusion, if Σ ∈ |Sign|, ϕ ∈ SEN(Σ), such that ϕ ∈ T_Σ , then α_Σ (ϕ) ∈ α_Σ (T_Σ ) ⊆ T^′_{F (Σ)}, whence ϕ ∈ α^{−1}_Σ (T^′_{F (Σ)}). Therefore, for all Σ ∈ |Sign|, T_Σ ⊆ α^{−1}_Σ (T^′_{F (Σ)}), which verifies that T ≤ α^{−1}(T^′).

The second inclusion follows from the hypothesis α_{Σ0} (ϕ_0) ∈ T^′_{F (Σ0)}.

The second lemma in the series asserts that, if a theory system T of a π-institution I is mapped inside a theory system T^′ of a π-institution I^′ via a surjective (N, N^′)- logical morphism ⟨F, α⟩ : I⟩−^{se}I^′, then the N-Leibniz congruence system of T is also mapped inside the N^′-Leibniz congruence system of T^′.

Lemma 3 Suppose that I = ⟨Sign, SEN, C⟩, I^′ = ⟨Sign^′, SEN^′, C^′⟩ are π-institu-tions, with N, N^′ categories of natural transformations on SEN, SEN^′, respectively, and ⟨F, α⟩ : I⟩−^{se}I^′ a surjective (N, N^′)-logical morphism, T a theory system of I, T^′ a theory system of I^′, such that α_Σ (T_Σ ) ⊆ T^′_{F (Σ)}, for all Σ ∈ |Sign|. If I is N-protoalgebraic, then

α_Σ (Ω^N_Σ (T )) ⊆ Ω^{N ′}_{F (Σ)}(T^′), for all Σ ∈ |Sign|.

Proof By Lemma 5.21 of [30], we have that

Ω^N_Σ (α^{−1}(T^′)) = α^{−1}_Σ (Ω^{N ′}_{F (Σ)}(T^′)), (3)

for all Σ ∈ |Sign|. But, by the hypothesis, we have T ≤ α^{−1}(T^′), whence, by Nprotoalgebraicity and Equation (3), we get, for all Σ ∈ |Sign|,

Ω^N_Σ (T ) ⊆ Ω^N_Σ (α^{−1}(T^′)) = α^{−1}_Σ (Ω^{N ′}_{F (Σ)}(T^′)),

which yields α_Σ (Ω^N_Σ (T )) ⊆ Ω^{N ′}_{F (Σ)}(T^′).

Finally, the last lemma needed in order to proceed with the proof of Theorem 3 verifies that, if ⟨F, α⟩ : I⟩−^{se}I^′ is a surjective (N, N^′)-logical morphism and E is an N-parameterized equivalence system for I, then E^′, the collection of natural transformations in N^′ corresponding to the collection E via the (N, N^′)-epimorphic property, is an N^′-parameterized equivalence system for I^′.

Lemma 4 Suppose that I = ⟨Sign, SEN, C⟩, I^′ = ⟨Sign^′, SEN^′, C^′⟩ are π-institu-tions, with N, N^′ categories of natural transformations on SEN, SEN^′, respectively, ⟨F, α⟩ : I⟩−^{se}I^′ a surjective (N, N^′)-logical morphism and E an N-parameterized equivalence system for I. Then E^′, the collection corresponding to E via the (N, N^′)- epimorphic property, is an N^′-parameterized equivalence system for I^′.

Proof It suffices, by Theorem 4.6 of [31] and surjectivity, to show that, for every theory family T^′ of I^′ and all Σ ∈ |Sign|, E^′_{F (Σ)}(T^′) = Ω^{N ′}_{F (Σ)}(T^′). We have, in fact,

Ω^{N ′}_{F (Σ)}(T^′) = α_Σ (Ω^N_Σ (α^{−1}(T^′))) (by Lemma 5.21 of [30]) = α_Σ (E_Σ (α^{−1}(T^′))) (by hypothesis and Thm 4.6 of [31]) = E^′_{F (Σ)}(T^′),

where the last equality follows from the following string of equalities

α_Σ (E_Σ(α^{−1}(T^′))) = α_Σ ({⟨ϕ, ψ⟩ : (∀f)(E_Σ′ (⟨SEN(f)^2(ϕ, ψ)⟩) ⊆ α^{−1}_{Σ′} (T^′_{F (Σ}′_)))}) = {⟨α_Σ (ϕ), α_Σ (ψ)⟩ : (∀f)(α_Σ′ (E_Σ′ (⟨SEN(f)^2(ϕ, ψ)⟩)) ⊆ T^′_{F (Σ}′_))} = {⟨α_Σ (ϕ), α_Σ (ψ)⟩ : (∀f)(E^′_{F (Σ}′_)(α_Σ′ (⟨SEN(f)^2(ϕ, ψ)⟩)) ⊆ T^′_{F (Σ}′_))} = {⟨α_Σ (ϕ), α_Σ (ψ)⟩ :

(∀f)(E^′_{F (Σ}′_)(⟨SEN^′(F (f))^2(α_Σ (ϕ), α_Σ (ψ))⟩)) ⊆ T^′_{F (Σ}′_))} = {⟨ϕ^′, ψ^′⟩ : (∀f^′)(E^′_Σ′′ (⟨SEN^′(f^′)^2(ϕ^′, ψ^′)⟩) ⊆ T^′_Σ′′ )} = E^′_{F (Σ)}(T^′),

where in many of the steps of the above chain of equalities the surjectivity of ⟨F, α⟩ played a crucial role.

We are now ready to proceed with formulating and proving the “transfer theorem” asserting that the property of injectivity of the Leibniz operator on theory systems of a π-institution transfers to the injectivity of the Leibniz operator on the theory systems of all its models via surjective logical morphisms.

Theorem 3 Suppose that I = ⟨Sign, SEN, C⟩ is a π-institution, N a category of natural transformations on SEN and E an N-parameterized equivalence system for I. Then, Ω^N is injective on theory systems if and only if, for every (N, N^′)-model I^′ = ⟨Sign^′, SEN^′, C^′⟩ of I via a surjective (N, N^′)-logical morphism ⟨F, α⟩ : I⟩−^{se}I^′, Ω^{⟨F,α⟩}

I := Ω^{N ′} is injective on theory systems.

Proof The “if” direction is obvious, since ⟨I_{Sign}, ι⟩ : I ⊢^{se} I is a surjective (N, N)- logical morphism from I to itself.

For the “only if” direction, suppose that Ω^N is injective on the theory systems of I and let I^′ = ⟨Sign^′, SEN^′, C^′⟩ be an (N, N^′)-model of I via a surjective (N, N^′)- logical morphism ⟨F, α⟩ : I⟩−^{se}I^′. By Theorem 2 and the fact that ⟨F, α⟩ : I⟩−^{se}I^′ is a semi-interpretation, we have, for all Σ, Σ_0 ∈ |Sign| and all ϕ_0 ∈ SEN(Σ_0), that

C^′_{F (Σ)}(α_Σ (Thm^{⟨Σ0,ϕ0⟩}_Σ )) = C^′_{F (Σ)}(α_Σ ( ⋃ {E_Σ (⟨ψ, χ⟩) : ⟨ψ, χ⟩ ∈ Ω^N_Σ (Thm^{⟨Σ0,ϕ0⟩})})).

This, combined with the fact that ⟨F, α⟩ is (N, N^′)-epimorphic and surjective, yields that

C^′_{F (Σ)}(α_Σ (Thm^{⟨Σ0,ϕ0⟩}_Σ )) = C^′_{F (Σ)}( ⋃ {E^′_{F (Σ)}(⟨α_Σ (ψ), α_Σ (χ)⟩) : ⟨ψ, χ⟩ ∈ Ω^N_Σ (Thm^{⟨Σ0,ϕ0⟩})}). (4)

Consider two theory systems T, T^′ of I^′ and suppose that Ω^{N ′} (T ) = Ω^{N ′} (T^′). It will be shown that T ≤ T^′. By symmetry, then, it is obtained that T^′ ≤ T, whence it will follow that T = T^′ and, hence, that Ω^{N ′} is injective on theory systems.

To show that T ≤ T^′, let Σ^′ ∈ |Sign^′| and ϕ^′ ∈ T_Σ′ . By surjectivity of ⟨F, α⟩, there exists Σ ∈ |Sign| and ϕ ∈ SEN(Σ), such that F (Σ) = Σ^′ and α_Σ (ϕ) = ϕ^′. Then we have

ϕ^′ ∈ C^′_{F (Σ)}(α_Σ (Thm^{⟨Σ,ϕ⟩}_Σ )) (since ϕ^′ = α_Σ (ϕ)) = C^′_{F (Σ)}( ⋃ {E^′_{F (Σ)}(⟨α_Σ(ψ), α_Σ (χ)⟩) : ⟨ψ, χ⟩ ∈ Ω^N_Σ (Thm^{⟨Σ,ϕ⟩})}) (by Equation (4)) ⊆ C^′_{F (Σ)}( ⋃ {E^′_{F (Σ)}(⟨α_Σ(ψ), α_Σ (χ)⟩) : ⟨α_Σ (ψ), α_Σ (χ)⟩ ∈ Ω^{N ′}_{F (Σ)}(T )}) (by Lemmas 2 and 3) ⊆ C^′_{F (Σ)}( ⋃ {E^′_{F (Σ)}(⟨α_Σ(ψ), α_Σ (χ)⟩) : ⟨α_Σ (ψ), α_Σ (χ)⟩ ∈ Ω^{N ′}_{F (Σ)}(T^′)}) (by hypothesis, since Ω^{N ′} (T ) = Ω^{N ′} (T^′)) ⊆ T^′_{F (Σ)} (by Lemma 4 and N^′-protoalgebraicity).

Therefore ϕ^′ ∈ T^′_{F (Σ)}, yielding that T ≤ T^′, as was to be shown.

The following result is borrowed from [31].

Proposition 4 [Proposition 5.5 of [31]] Suppose I = ⟨Sign, SEN, C⟩ is a π-institution and N a category of natural transformations on SEN. Let SEN^′ : Sign^′ → Set be a functor, N^′ a category of natural transformations on SEN^′ and ⟨F, α⟩ : SEN →^{se} SEN^′ a surjective singleton (N, N^′)-epimorphic translation. If I is N-protoalgebraic, then ThSys^{⟨F,α⟩⋆}_I (SEN^′) = ThSys^{⟨F,α⟩}_I (SEN^′) if and only if Ω^{⟨F,α⟩}_{SEN′} is injective on ThSys^{⟨F,α⟩}_I (SEN^′).

Using this result, a necessary condition and a sufficient condition for those πinstitutions whose full models via surjective (N, N^′)-logical morphisms ⟨F, α⟩ can be identified with the theory systems of their ⟨F, α⟩-min (N, N^′)-models is given. This is a partial analog of Theorem 3.8 of [10] and paves the way for introducing the notion of a weakly algebraizable π-institution, analogous, in the π-institution context, to the notion of a weakly algebraizable sentential logic.

Theorem 4 Let I = ⟨Sign, SEN, C⟩ be a π-institution and N a category of natural transformations on SEN. Then the following statements are related by (1 ↔ 2) → 3 → 4 → 5 → 6:

1. I is N-protoalgebraic and, for every functor SEN^′ : Sign^′ → Set, with N^′ a category of natural transformations on SEN^′, and ⟨F, α⟩ : SEN → SEN^′ a surjective singleton (N, N^′)-epimorphic translation, if T ∈ ThSys^{⟨F,α⟩}_I (SEN^′), then T /Ω^{N ′} (T )

is the least theory system in the collection ThSys^{⟨F,π} ΩN ′ (T )

F α⟩

I (SEN^{′ΩN ′ (T )}).

2. For every functor SEN^′ : Sign^′ → Set, with N^′ a category of natural transformations on SEN^′, and ⟨F, α⟩ : SEN → SEN^′ a surjective singleton (N, N^′)-epimorphic translation, the Leibniz operator Ω^{⟨F,α⟩}_{SEN′} is monotone on theory families and injective on theory systems.

3. For every functor SEN^′ : Sign^′ → Set, with N^′ a category of natural transformations on SEN^′, and ⟨F, α⟩ : SEN → SEN^′ a surjective singleton (N, N^′)-epimorphic translation, the mapping T → C^{′minT} is a bijection from ThSys^{⟨F,α⟩}_I (SEN^′) to FMod^{⟨F,α⟩}_I (SEN^′) and, as a consequence, a complete lattice isomorphism between ThSys^{⟨F,α⟩}_I (SEN^′) and FMod^{⟨F,α⟩}_I (SEN^′).

4. For every functor SEN^′ : Sign^′ → Set, with N^′ a category of natural transformations on SEN^′, and ⟨F, α⟩ : SEN → SEN^′ a surjective singleton (N, N^′)- epimorphic translation, the Leibniz operator Ω^{⟨F,α⟩}_{SEN′} is a lattice isomorphism from ThSys^{⟨F,α⟩}_I (SEN^′) to Con^{⟨F,α⟩}_{AlgN (I)}(SEN^′).

5. For every functor SEN^′ : Sign^′ → Set, with N^′ a category of natural transformations on SEN^′, and ⟨F, α⟩ : SEN → SEN^′ a surjective singleton (N, N^′)- epimorphic translation, the Leibniz operator Ω^{⟨F,α⟩}_{SEN′} is a lattice isomorphism from ThSys^{⟨F,α⟩}_I (SEN^′) to Con^{⟨F,α⟩}_{AlgN (I)∗} (SEN^′).

6. For every functor SEN^′ : Sign^′ → Set, with N^′ a category of natural transformations on SEN^′, and ⟨F, α⟩ : SEN → SEN^′ a surjective singleton (N, N^′)-epimorphic translation, the Leibniz operator Ω^{⟨F,α⟩}_{SEN′} is monotone and injective on theory systems.

Proof1 ↔ 2 N-protoalgebraicity is equivalent to the N^′-Leibniz operator being monotone on theory families and, by Proposition 5.4 of [31], the property in Part 1 is equivalent to T ∈ ThSys^{⟨F,α⟩⋆}_I (SEN^′). Therefore, by Proposition 4, the property in Part 1 is equivalent to the injectivity of the N^′-Leibniz operator on theory systems.

1 → 3 The given mapping is always injective and, by Proposition 5.4 of [31], the image lies in FMod^{⟨F,α⟩}_I (SEN^′). By Theorem 5.2 of [31], it is a surjective mapping, whence it is a bijection. Since, both itself and its inverse are obviously order-preserving, this mapping is a lattice isomorphism as claimed.

3 → 4 Using again Theorem 5.2 of [31], we conclude that I is an N-protoalgebraic πinstitution. Now compose the mapping of Part 3 with the mapping provided by the

Isomorphism Theorem 13 of [27] to obtain an isomorphism from ThSys^{⟨F,α⟩}_I (SEN^′) to Con^{⟨F,α⟩}_{AlgN (I)}(SEN^′). This composite mapping is the mapping

T → ~Ω^{⟨F,α⟩}_{SEN′} (C^{′minT} ) = Ω^{N ′} (T ),

the second equality following from Part 3 of Proposition 17 of [30]. We conclude that the N^′-Leibniz operator is a lattice isomorphism from ThSys^{⟨F,α⟩}_I (SEN^′) to Con^{⟨F,α⟩}_{AlgN (I)}(SEN^′).

4 → 5 It suffices to show that Alg^N (I) = Alg^N (I)^∗. It was shown in Proposition 18 of [30] that Alg^N (I)^∗ ⊆ Alg^N (I), whence, it suffices to show that Alg^N (I) ⊆ Alg^N (I)^∗. Every element of Con^{⟨F,α⟩}_{AlgN (I)}(SEN^′) is, by the hypothesis, of the form Ω^{N ′} (T ), for

some T ∈ ThSys^{⟨F,α⟩}_I (SEN^′). But, for every T ∈ ThSys^{⟨F,α⟩}_I (SEN^′), Ω^{N ′} (T ) ∈ Alg^N (I)^∗, whence, we obtain Alg^N (I) ⊆ Alg^N (I)^∗.

5 → 6 This implication is trivial.

4 Definability of Theory Systems

Let I = ⟨Sign, SEN, C⟩ be a π-institution, N a category of natural transformations on SEN. An N-matrix system for I is a pair ⟨⟨SEN^′, ⟨F, α⟩⟩, T^′⟩, where SEN^′ : Sign^′ → Set is a functor, with N^′ a category of natural transformations on SEN^′, ⟨F, α⟩ : SEN →^{se} SEN^′ is an (N, N^′)-epimorphic translation and T^′ ∈ ThSys^{⟨F,α⟩}_I (SEN^′) is a theory system of the ⟨F, α⟩-min (N, N^′)-model of I on SEN^′. In this case T^′ will be said to be the designated theory system of the N-matrix system. An N-matrix system class for I is a class of N-matrix systems for I.

An N-matrix system class for I

M = {⟨⟨SEN^i, ⟨F^i, α^i⟩⟩, T^i⟩ : i ∈ I}

will be said to have designated theory systems implicitly definable if, for all i, j ∈ I, such that ⟨SEN^i, ⟨F^i, α^i⟩⟩ = ⟨SEN^j , ⟨F^j , α^j ⟩⟩, we necessarily have T^i = T^j .

If I = ⟨Sign, SEN, C⟩ is a π-institution and N a category of natural transformations on SEN, we use the abbreviated notation ⟨SEN, T ⟩ to denote the N-matrix system ⟨⟨SEN, ⟨I_{Sign}, ι⟩⟩, T ⟩, for all T ∈ ThSys(I). Similarly, slightly overloading notation, the notation ⟨SEN^θ, T /θ⟩ will be used for ⟨⟨SEN^θ, ⟨I_{Sign}, π^θ⟩⟩, T /θ⟩ for an N-congruence system θ on SEN, where, of course, ⟨I_{Sign}, π^θ⟩ : SEN →^{se} SEN^θ denotes the natural (N, N^θ)-epimorphic projection.

Let I = ⟨Sign, SEN, C⟩ be a π-institution, N a category of natural transformations on SEN and T a theory system of I. T is said to be explicitly N-definable by a set of pairs of natural transformations Δ = {⟨γ^j , δ^j ⟩}_{j∈J} , with γ^j , δ^j : SEN → SEN in N, for all j ∈ J, if, for all Σ ∈ |Sign|, ϕ ∈ SEN(Σ),

ϕ ∈ T_Σ iff (∀j ∈ J)(⟨γ^j_Σ (ϕ), δ^j_Σ (ϕ)⟩ ∈ Ω^N_Σ (T )).

In the following proposition, a characterization of the injectivity of the N-Leibniz operator on theory systems is given in terms of the implicit definability of designated theory systems of given matrix system classes. Proposition 5 forms an analog of Proposition 3.7 of [8].

Proposition 5 Suppose that I = ⟨Sign, SEN, C⟩ is a π-institution, N a category of natural transformations on SEN and E an N-parameterized equivalence system for I. Then, the following are equivalent: 1. Ω^N is injective on theory systems.

2. The matrix system class {⟨SEN^{ΩN (T )}, T /Ω^N (T )⟩ : T ∈ ThSys(I)} has designated theory systems implicitly definable.

3. The matrix system class

{⟨⟨SEN^{′ΩN ′ (T )}, ⟨F, π^{ΩN} ′ (T )

F α⟩⟩, T /Ω^{N ′} (T )⟩ : ⟨F, α⟩ : SEN →^{se} SEN^′ surjective and T ∈ ThSys^{⟨F,α⟩}_I (SEN^′)}

has designated theory systems implicitly definable.

Proof1 → 3 If Ω^N is injective on theory systems, then, by Theorem 3, Ω^{N ′} is injective on the theory systems of the ⟨F, α⟩-min (N, N^′)-model I^′ of I via the surjective (N, N^′)-logical morphism ⟨F, α⟩. Thus, if

⟨SEN^{′ΩN} ′ (T ), ⟨F, πΩ^{N ′} (T )

F α⟩⟩ = ⟨SEN^{′ΩN} ′ (T^′ ), ⟨F, πΩ^{N ′} (T^′ )

F α⟩⟩,

then we must have SEN^{′ΩN ′ (T )} = SEN^{′ΩN ′ (T ′)}, whence Ω^{N ′} (T ) = Ω^{N ′} (T^′), whence T = T^′ and, therefore, Condition 3 holds.

3 → 2 This is obvious, since I is an ⟨I_{Sign}, ι⟩-min (N, N)-model of I via the surjective (N, N)-logical morphism ⟨I_{Sign}, ι⟩ : I ⊢^{se} I.

2 → 1 Suppose that T, T^′ are theory systems of I with Ω^N (T ) = Ω^N (T^′). Then, obviously, SEN^{ΩN (T )} = SEN^{ΩN (T ′ )}. Consider the matrix systems

⟨SEN^{ΩN (T )}, T /Ω^N (T )⟩ and ⟨SEN^{ΩN (T ′)}, T^′/Ω^N (T^′)⟩.

These two have the same functor component, whence, by Condition 2, we obtain T /Ω^N (T ) = T^′/Ω^N (T^′). Therefore, since Ω^N (T ) is compatible with T^′ and Ω^N (T^′) is compatible with T , we obtain T = T^′.

Finally, in the following lemma, a characterization is provided of the explicit definability of designated theory systems of a given matrix system class. Lemma 5 forms a partial analog of Theorem 3.8 of [8].

Lemma 5 Suppose that I = ⟨Sign, SEN, C⟩ is a π-institution, N a category of natural transformations on SEN and E an N-parameterized equivalence system for I. Let Δ = {⟨γ^j , δ^j ⟩ : j ∈ J} be a set of pairs of natural transformations γ^j , δ^j : SEN → SEN in N. Then I has its theory systems explicitly definable by Δ iff, for all T ∈ ThSys(I), all Σ ∈ |Sign| and all ϕ ∈ SEN(Σ),

ϕ ∈ T_Σ iff ⋃ {E_Σ′ (⟨SEN(f)(ψ), SEN(f)(χ)⟩) : ⟨ψ, χ⟩ ∈ Δ_Σ (ϕ)} ⊆ T_Σ′ for all Σ^′ ∈ |Sign|, f ∈ Sign(Σ, Σ^′).

Proof I has its theory systems explicitly definable by Δ iff, for all T ∈ ThSys(I) and all ϕ ∈ SEN(Σ), ϕ ∈ T_Σ iff, for all j ∈ J, ⟨γ^j_Σ (ϕ), δ^j_Σ (ϕ)⟩ ∈ Ω^N_Σ (T ) iff, since E is an N-parameterized equivalence system for I, ϕ ∈ T_Σ iff, for all j ∈ J, ⟨γ^j_Σ (ϕ), δ^j_Σ (ϕ)⟩ ∈ E_Σ(T ) iff ϕ ∈ T_Σ iff, for all j ∈ J,

E_Σ′ (⟨SEN(f)(γ^j_Σ (ϕ)), SEN(f)(δ^j_Σ (ϕ))⟩) ⊆ T_Σ′ ,

for all Σ^′ ∈ |Sign|, f ∈ Sign(Σ, Σ^′).

Finally, a partial analog of Theorem 3.9 of [8] is presented that ties the implicit definability with the explicit definability of designated theory systems of matrix systems for a given π-institution.

Theorem 5 Suppose that I = ⟨Sign, SEN, C⟩ is a π-institution, N a category of natural transformations on SEN and E an N-parameterized equivalence system for I. Then, the following are related by 1 → (2 ↔ 3):

1. I has its theory systems explicitly definable by a set Δ = {⟨γ^j , δ^j ⟩}_{j∈J} of pairs on natural transformations γ^j , δ^j : SEN → SEN, j ∈ J, in N.

2. Ω^N is injective on theory systems.

3. The N-matrix system class {⟨SEN^{ΩN (T )}, T /Ω^N (T )⟩ : T ∈ ThSys(I)} has designated theory systems implicitly definable.

Proof The equivalence between 2 and 3 was shown in Proposition 5. That 1 implies 2 is easy to see. Let T, T^′ ∈ ThSys(I), such that Ω^N (T ) = Ω^N (T^′). We have, for all Σ ∈ |Sign|, ϕ ∈ SEN(Σ),

ϕ ∈ T_Σ iff ⟨γ^j_Σ(ϕ), δ^j_Σ (ϕ)⟩ ∈ Ω^N (T ), for all j ∈ J, iff ⟨γ^j_Σ(ϕ), δ^j_Σ (ϕ)⟩ ∈ Ω^N (T^′), for all j ∈ J, iff ϕ ∈ T^′_Σ.

Hence T = T^′ and Ω^N is injective on theory systems.

We were unable to show, and think it unlikely that it holds in general, that implicit definability implies explicit definability, as is the case for sentential logics (see, e.g., Theorem 3.9 of [8]).

5 Weakly Algebraizable π-Institutions

A π-institution I = ⟨Sign, SEN, C⟩, with N a category of natural transformations on SEN, is said to be N-weakly algebraizable if the Leibniz operator Ω^N is monotone on the collection of all theory families and injective on the collection of all theory systems of I.

By combining the characterization of N-protoalgebraicity provided in Lemma 3.8 of [30] in terms of the monotonicity of the N-Leibniz operator on theory families and the characterization of the injectivity of the N-Leibniz operator on theory systems provided in Theorem 5, we obtain the following characterization of N-weak algebraizability.

Theorem 6 Let I = ⟨Sign, SEN, C⟩ be a π-institution and N a category of natural transformations on SEN. Then I is N-weakly algebraizable iff I is N-protoalgebraic and the N-matrix system class {⟨SEN^{ΩN (T )}, T /Ω^N (T )⟩ : T ∈ ThSys(I)} has designated theory systems implicitly definable.

Proof I is N-weakly algebraizable iff, by definition, Ω^N is monotone on theory families and injective on theory systems iff, by the characterization of N-protoalgebraicity (Lemma 3.8 of [30]) and by Theorem 5, I is N-protoalgebraic and the matrix system class {⟨SEN^{ΩN (T )}, T /Ω^N (T )⟩ : T ∈ ThSys(I)} has designated theory systems implicitly definable.

A sufficient condition for N-weak algebraizability will be presented next. A technical lemma is needed first.

Lemma 6 Suppose that I = ⟨Sign, SEN, C⟩ is a π-institution, N a category of natural transformations on SEN, Δ = {⟨γ^j , δ^j ⟩}_{j∈J} a collection of pairs of natural transformations γ^j , δ^j : SEN → SEN in N and E = {ϵ^i : i ∈ I} a collection of natural transformations ϵ^i : SEN^{2+ki} → SEN, i ∈ I, in N. If

– for all Σ ∈ |Sign|, Θ ∪ {⟨ϕ, ψ⟩} ⊆ SEN(Σ)^2 and all T ∈ ThFam(I),

(Θ ⊆ Ω^N_Σ (T ) ⇒ ⟨ϕ, ψ⟩ ∈ Ω^N_Σ (T )) implies (∀f)(E_Σ′ (⟨SEN(f)^2(Θ)⟩) ⊆ T_Σ′ ) ⇒ (∀f)(E_Σ′ (⟨SEN(f)^2(ϕ, ψ)⟩) ⊆ T_Σ′ )

– for all Σ ∈ |Sign|, ϕ ∈ SEN(Σ), and all theory families T ∈ ThFam(I),

ϕ ∈ T_Σ iff (∀f)(E_Σ′ (⟨SEN(f)^2(Δ_Σ (ϕ))⟩) ⊆ T_Σ′ ),

then, for all Σ ∈ |Sign|, ϕ, ψ ∈ SEN(Σ) and all T ∈ ThFam(I), if ϕ ∈ T_Σ and (∀f)(E_Σ′ (⟨SEN(f)^2(ϕ, ψ)⟩) ⊆ T_Σ′ ), then ψ ∈ T_Σ.

Proof The proof is rather long, but not very difficult. It is modeled after the proof of Lemma 4.2 of [8]. To compactify the notation inside the proof the abbreviation f(ϕ) := SEN(f)(ϕ), for f ∈ Sign(Σ, Σ^′), ϕ ∈ SEN(Σ), will be used.

By the first hypothesis, we have, for all T ∈ ThFam(I), all σ : SEN^n → SEN in N, all ϕ, ψ, χ ∈ SEN(Σ) and all ϕ, ψ ∈ SEN(Σ)^n,

(∀f)(E_Σ′ (⟨f(ϕ), f(ψ)⟩) ⊆ T_Σ′ ) ⇒ (∀f)(E_Σ′ (⟨f(ψ), f(ϕ)⟩) ⊆ T_Σ′ ) (∀i < n)(∀f)(E_Σ′ (⟨f(ϕ_i), f(ψ_i)⟩) ⊆ T_Σ′ ) ⇒ (∀f)(E_Σ′ (⟨f(σ_Σ(ϕ)), f(σ_Σ (ψ))⟩) ⊆ T_Σ′ ) (∀f)(E_Σ′ (⟨f(ϕ), f(ψ)⟩) ⊆ T_Σ′ ) and (∀f)(E_Σ′ (⟨f(ψ), f(χ)⟩) ⊆ T_Σ′ ) ⇒ (∀f)(E_Σ′ (⟨f(ϕ), f(χ)⟩) ⊆ T_Σ′ )

Now, fix Σ ∈ |Sign|, ϕ, ψ ∈ SEN(Σ) and T ∈ ThFam(I) and assume that ϕ ∈ T_Σ and (∀f)(E_Σ′ (⟨f(ϕ), f(ψ)⟩) ⊆ T_Σ′ . Now, by the second condition in the hypothesis,

ϕ ∈ T_Σ iff (∀f)(E_Σ′ (⟨f^2(Δ_Σ (ϕ))⟩) ⊆ T_Σ′ ).

Combining the above we have, for all j ∈ J,

(∀f)(E_Σ′ (⟨f(ϕ), f(ψ)⟩) ⊆ T_Σ′ ) ⇒ (∀f)(E_Σ′ (⟨f(γ^j_Σ (ϕ)), f(γ^j_Σ (ψ))⟩) ⊆ T_Σ′ ) (∀f)(E_Σ′ (⟨f(ϕ), f(ψ)⟩) ⊆ T_Σ′ ) ⇒ (∀f)(E_Σ′ (⟨f(δ^j_Σ (ϕ)), f(δ^j_Σ (ψ))⟩) ⊆ T_Σ′ ) (∀f)(E_Σ′ (⟨f(γ^j_Σ(ϕ)), f(γ^j_Σ(ψ))⟩) ⊆ T_Σ′ ) ⇒ (∀f)(E_Σ′ (⟨f(γ^j_Σ (ψ)), f(γ^j_Σ (ϕ))⟩) ⊆ T_Σ′ )

We also have

(∀f)(E_Σ′ (⟨f^2(Δ_Σ (ϕ))⟩) ⊆ T_Σ′ ) and (∀f)(∀j ∈ J)(E_Σ′ (⟨f(δ^j_Σ (ϕ)), f(δ^j_Σ (ψ))⟩) ⊆ T_Σ′ ) ⇒ (∀f)(∀j ∈ J)(E_Σ′ (⟨f(γ^j_Σ(ϕ)), f(δ^j_Σ (ψ))⟩) ⊆ T_Σ′ ) and (∀f)(∀j ∈ J)(E_Σ′ (⟨f(γ^j_Σ(ψ)), f(γ^j_Σ(ϕ))⟩) ⊆ T_Σ′ ) and (∀f)(∀j ∈ J)(E_Σ′ (⟨f(γ^j_Σ (ϕ)), f(δ^j_Σ (ψ))⟩) ⊆ T_Σ′ ) ⇒ (∀f)(∀j ∈ J)(E_Σ′ (⟨f(γ^j_Σ (ψ)), f(δ^j_Σ (ψ))⟩) ⊆ T_Σ′ )

Therefore, we end up with (∀f)(E_Σ′ (⟨f^2(Δ_Σ(ψ))⟩) ⊆ T_Σ′ ), which is, by the second hypothesis, equivalent to ψ ∈ T_Σ .

Theorem 7 Suppose that I = ⟨Sign, SEN, C⟩ is a π-institution, N a category of natural transformations on SEN, Δ = {⟨γ^j , δ^j ⟩}_{j∈J} a collection of pairs of natural transformations γ^j , δ^j : SEN → SEN, j ∈ J, in N and E = {ϵ^i : i ∈ I} a collection of natural transformations ϵ^i : SEN^{2+ki} → SEN, i ∈ I, in N. If

– for all Σ ∈ |Sign|, Θ ∪ {⟨ϕ, ψ⟩} ⊆ SEN(Σ)^2 and all T ∈ ThFam(I),

(Θ ⊆ Ω^N_Σ (T ) ⇒ ⟨ϕ, ψ⟩ ∈ Ω^N_Σ (T )) implies (∀f)(E_Σ′ (⟨SEN(f)^2(Θ)⟩) ⊆ T_Σ′ ) ⇒ (∀f)(E_Σ′ (⟨SEN(f)^2(ϕ, ψ)⟩) ⊆ T_Σ′ )

– for all Σ ∈ |Sign|, ϕ ∈ SEN(Σ), and all theory families T ∈ ThFam(I),

ϕ ∈ T_Σ iff (∀f)(E_Σ′ (⟨SEN(f)^2(Δ_Σ (ϕ))⟩) ⊆ T_Σ′ ),

then I is N-weakly algebraizable.

Proof Note that by Lemma 6 and Theorem 1, E is an N-parameterized equivalence system for I. Therefore, by Proposition 1, I is N-protoalgebraic. So it suffices to show that Ω^N is injective on theory systems. This is done by using the 1 → 2 implication of Theorem 5. We have, for all T ∈ ThSys(I), Σ ∈ |Sign|, ϕ ∈ SEN(Σ),

ϕ ∈ T_Σ iff (∀f)(E_Σ′ (⟨SEN(f)^2(Δ_Σ (ϕ))⟩) ⊆ T_Σ′ ) iff Δ_Σ (ϕ) ⊆ E_Σ(T ) iff Δ_Σ (ϕ) ⊆ Ω^N_Σ (T ).

Therefore Δ explicitly defines theory systems of I, and, by Theorem 5, Ω^N is injective on theory systems.

Acknowledgements I thank, as always, Don Pigozzi and Charles Wells for their guidance and support. Specifically for the development of the background theory leading to the theory of weakly algebraizable sentential logics, thanks go to Blok and Pigozzi for finitely algebraizable logics, Czelakowski and Herrmann for algebraizable logics, Czelakowski and Jansana for weakly algebraizable logics and Font and Jansana for the Tarski operator, without whose pioneering work, the author’s explorations would have been almost impossible.

References

1. Barr, M., and Wells, C., Category Theory for Computing Science, Third Edition, Les Publications CRM, Montréal 1999.

2. Blok, W.J., and Pigozzi, D., Protoalgebraic Logics, Studia Logica, Vol. 45 (1986), pp.

337-369 3. Blok, W.J., and Pigozzi, D., Algebraizable Logics, Memoirs of the American Mathematical Society, Vol. 77, No. 396 (1989)

4. Borceux, F., Handbook of Categorical Algebra, Encyclopedia of Mathematics and its Applications, Vol. 50, Cambridge University Press, Cambridge, U.K., 1994.

5. Czelakowski, J., Equivalential Logics I,II, Studia Logica, Vol. 40 (1981), pp. 227-236, 355- 372 6. Czelakowski, J., Consequence Operations. Foundational Studies, Polish Academy of Sciences, Institute of Philosophy and Sociology, Warsaw 7. Czelakowski, J., Protoalgebraic Logics, Kluwer Academic Publishers, Dordtrecht 2001 8. Czelakowski, J., and Jansana, R., Weakly Algebraizable Logics, Journal of Symbolic Logic, Vol. 65, No. 2 (2000), pp. 641-668 9. Fiadeiro, J., and Sernadas, A., Structuring Theories on Consequence, in Recent Trends in Data Type Specification, Donald Sannella and Andrzej Tarlecki, Eds., Lecture Notes in Computer Science, Vol. 332, Springer-Verlag, New York 1988, pp. 44-72 10. Font, J.M., and Jansana, R., A General Algebraic Semantics for Sentential Logics, Lecture Notes in Logic, Vol. 7 (1996), Springer-Verlag, Berlin Heidelberg 1996 11. Font, J.M., Jansana, R., and Pigozzi, D., A Survey of Abstract Algebraic Logic, Studia Logica, Vol. 74, No. 1/2 (2003), pp. 13-97 12. Goguen, J.A., and Burstall, R.M., Introducing Institutions, in Proceedings of the Logic of Programming Workshop, E. Clarke and D. Kozen, Eds., Lecture Notes in Computer Science, Vol. 164, Springer-Verlag, New York 1984, pp.221-256 13. Goguen, J.A., and Burstall, R.M., Institutions: Abstract Model Theory for Specification and Programming, Journal of the Association for Computing Machinery, Vol. 39, No. 1 (1992), pp. 95-146 14. Herrmann, B., Equivalential Logics and Definability of Truth, Dissertation, Freie Universitat Berlin, Berlin 1993 15. Herrmann, B., Equivalential and Algebraizable Logics, Studia Logica, Vol. 57 (1996), pp.

419-436 16. Herrmann, B., Characterizing Equivalential and Algebraizable Logics by the Leibniz Operator, Studia Logica, Vol. 58 (1997), pp. 305-323 17. Mac Lane, S., Categories for the Working Mathematician, Springer-Verlag, 1971. 18. Prucnal, T., and Wroński, A., An algebraic characterization of the notion of structural completeness, Bulletin of the Section of Logic, Vol. 3 (1974), pp. 30-33 19. Voutsadakis, G., Categorical Abstract Algebraic Logic, Doctoral Dissertation, Iowa State University, Ames, Iowa 1998 20. Voutsadakis, G., Categorical Abstract Algebraic Logic: Equivalent Institutions, Studia Logica, Vol. 74, No. 1/2 (2003), pp. 275-311 21. Voutsadakis, G., Categorical Abstract Algebraic Logic: Algebraizable Institutions, Applied Categorical Structures, Vol. 10, No. 6 (2002), pp. 531-568 22. Voutsadakis, G., Categorical Abstract Algebraic Logic Categorical Algebraization of Equational Logic, Logic Journal of the IGPL, Vol. 12, No. 4 (2004), pp. 313-333 23. Voutsadakis, G., Categorical Abstract Algebraic Logic Categorical Algebraization of First- Order Logic Without Terms, Archive for Mathematical Logic, Vol. 44, No. 4 (2005), pp. 473-491 24. Voutsadakis, G., Categorical Abstract Algebraic Logic: Tarski Congruence Systems, Logical Morphisms and Logical Quotients, Submitted to the Annals of Pure and Applied Logic, Preprint available at http://www.voutsadakis.com/RESEARCH/papers.html 25. Voutsadakis, G., Categorical Abstract Algebraic Logic: Models of π-Institutions, Notre Dame Journal of Formal Logic, Vol. 46, No. 4 (2005), pp. 439-460 26. Voutsadakis, G., Categorical Abstract Algebraic Logic: Generalized Tarski Congruence Systems, Submitted to Theory and Applications of Categories, Preprint available at

http://www.voutsadakis.com/RESEARCH/papers.html

27. Voutsadakis, G., Categorical Abstract Algebraic Logic: (I, N)-Algebraic Systems, Applied Categorical Structures, Vol. 13, No. 3 (2005), pp. 265-280 28. Voutsadakis, G., Categorical Abstract Algebraic Logic: Gentzen π-Institutions, Preprint available at http://www.voutsadakis.com/RESEARCH/papers.html 29. Voutsadakis, G., Categorical Abstract Algebraic Logic: Full Models, Frege Systems and Metalogical properties, Reports on Mathematical Logic, Vol. 41 (2006), pp. 31-62 30. Voutsadakis, G., Categorical Abstract Algebraic Logic: Prealgebraicity and Protoalgebraicity, Studia Logica, Studia Logica, Vol. 85, No. 2 (2007), pp. 217-251 31. Voutsadakis, G., Categorical Abstract Algebraic Logic: More on Protoalgebraicity, Notre Dame Journal of Formal Logic, Vol. 47, No. 4 (2006), pp. 487-514