Categorical Abstract Algebraic Logic:

Compatibility Operators and the Leibniz Hierarchy

George Voutsadakis^∗

March 28, 2015

To Don Pigozzi this work is dedicated on the occasion of his 80th Birthday.

Abstract

A unified treatment of the operator approach to categorical abstract algebraic logic (CAAL) was recently presented by the author using as tools the notions of compatibility operator of Czelakowski, of coherent compatibility operator of Albuquerque, Font and Jansana and exploiting an abstract Galois connection established via the use of these operators. The approach encompasses previous work by the author, but it also enriches the semantic, i.e., operator-based, side of the categorical Leibniz hierarchy with many new results. In this paper, we continue the work by providing, inter alia, characterizations of the categorical analogs of the classes of the Leibniz hierarchy based on full generalized matrix systems and on various properties of the categorical Leibniz and Suszko operators.

∗School of Mathematics and Computer Science, Lake Superior State University, Sault Sainte Marie, MI 49783, USA, gvoutsad@lssu.edu

0Keywords: Leibniz operator, Tarski operator, Suszko operator, logical matrix, full model, reduced model, Leibniz filter, protoalgebraic logic, equivalential logic, algebraizable logic.

2010 AMS Subject Classification: 03G27

1

1 Introduction: Compatibility Operators

The present paper is a continuation of the work presented in [31], which is, in turn, based on the work of Albuquerque, Font and Jansana [1]. Thus, to avoid repetition and to get as quickly as possible to new results, not as yet covered in [31], we open with a very brief overview of the work in [1] and present in Section 2 only the most basic notions of CAAL that were used in [31] and are also needed in the present work. For additional notions and results, as needed, we rely heavily on the predecessor paper [31], freely referring to its contents, albeit at the expense of self-sufficiency and at the risk of causing a, hopefully, minor inconvenience. For brevity Theorem P.x refers to Theorem x of [31] (the Predecessor paper) and the same holds for lemmas, propositions etc.

Let S = ⟨L, C_S ⟩ be a sentential logic. An S-compatibility operator ∇A maps an S-filter F in the collection Fi_S (A) of S-filters on an L-algebra A to a congruence ∇A(F ) on A that is compatible with the filter. The Leibniz operator [4] ΩA is the largest S-compatibility operator and the Suszko operator [9] ̃ΩA is the largest order-preserving S-compatibility operator.

Given an S-compatibility operator ∇A, the lifting ̃∇A associates with an arbitrary collection of S-filters on A the largest congruence on A that is compatible with all filters in the collection. Moreover, the relativization ̃∇A_S associates with an S-filter on A the largest congruence on A that is compatible with all S-filters on A containing the given filter. The Tarski operator [11] is the lifting of the Leibniz operator and the Suszko operator is its relativization. These three operators constitute the prototypical examples of operators. They motivated the general theory and they form the cornerstones on which both the work in [1] and the present work are based.

Given an S-compatibility operator ∇A, and a congruence θ on A, let ∇A^{−1} (θ) = {F ∈ Fi_S (A) ∶ θ ⊆ ∇A(F )}. The springboard of the theory in [1] is the observation that ̃∇A and ∇A^{−1} form a Galois connection:

P(Fi_S (A))^{̃∇} A ⇄ ∇A^{−1}

Con(A). The fixed points are the so-called ∇A-full sets of

S-filters and the ∇A-full congruences.

For a given S-filter F ∈ Fi_S (A), the collection of all S-filters on A

with which ∇A(F ) is compatible constitutes the ∇A-class �F �^∇ A of F (Definition 3.14 of [1]), which forms a complete lattice. The smallest element

of this class is denoted F^∇ A = ⋂�F �^∇ A . A filter F is termed a ∇A-filter in [1] if F = F^∇ A , i.e., if it is the smallest filter that is compatible with its ∇A-associated congruence (see, also, [12, 13] and [19]).

A family ∇ = {∇A}A_{∈Alg(L)} of S-compatibility operators is formed when

an S-compatibility operator ∇A is defined, for every L-algebra A. To relate the members of ∇ the increasing in strength notions of coherence, commutativity with inverse images of surjective homomorphisms and commutativity with inverse images of arbitrary homomorphisms are introduced in Definitions 4.5 and 4.7 of [1]. The first is novel in [1] whereas the latter two are well known in traditional abstract algebraic logic (AAL) and play a critical role in the theory of protoalgebraic [2], equivalential [6, 7] and algebraizable [4, 16] logics (see also [8, 14]).

Coherence is used in establishing a General Correspondence Theorem (Theorem 4.15 of [1]) that encompasses several well-known isomorphism theorems from the theory of protoalgebraic logics and beyond, including results of Blok and Pigozzi [4, 5], of Czelakowski [9] and of Font and Jansana [12]. Moreover, a parallel categorical theory led to the formulation of analogs of these Correspondence Theorems in the categorical context (Theorems 40 and 43 of [31]), which comprise some previously known correspondence theorems from CAAL, e.g., Theorem 13 of [24] and Theorem 5.9 of [28].

Using an abstract family ∇ of S-compatibility operators, Albuquerque, Font and Jansana define in Subsection 4.2 of [1] classes of algebras consisting of algebras that are reduced with respect to corresponding types of congruences. These parallel the well-known classes Alg^∗S of (Leibniz-) reduced, AlgS of Tarski-reduced and Alg^{Su}S of Suszko-reduced algebras from the classical operator theory of AAL. The hypotheses of coherence and commutativity with inverse images of surjective homomorphisms imply various relationships between these classes, analogous to those established in the traditional context between Alg^∗S, AlgS and Alg^{Su}S.

Using the concepts of full generalized matrix models, of the Leibniz operator, of the Suszko operator and of the aforementioned classes of algebras associated with S, a wealth of characterizations of the classes in the AAL hierarchy is obtained in Section 6 of [1]. Some of these have been well-known in the AAL literature, some less well-known and some are new. What is remarkable, however, and motivated the present exposition, is the fact that they are all obtained as consequences of the treatment of abstract S-compatibility operators and the basic Galois connection, as specialized in the context of the three main operators of AAL, essentially the Leibniz operator, since it is the fundamental among the three, whose lifting and relativization are the Tarski and Suszko operators, respectively.

2 The Categorical Compatibility Operators

In [31] the work of Albuquerque, Font and Jansana [1], outlined in Section 1 was adapted to the context of logics formalized as π-institutions, forming the fundamental objects of study in CAAL. The work of [31] constitutes the first part in the study along these lines and it is continued in the present paper. Thus, the present work relies heavily both on results presented in [1] and their more abstract versions established in [31]. In this section we review very briefly preliminary concepts and results from [31] that will be needed for subsequent developments.

Let Sign be a category, referred to as a category of signatures. Let, also, SEN ∶ Sign → Set be a set-valued functor from the category of signatures, referred to as a sentence functor. A collection T = {T_Σ}_{Σ∈∣Sign∣}, with T_Σ ⊆ SEN(Σ), for all Σ ∈ ∣Sign∣, is called a sentence family of SEN.

Consider a category N of natural transformations on SEN in the sense of, e.g., Section 2 of [25]. The triple A = ⟨Sign, SEN, N⟩ is called an algebraic system. An equivalence family θ = {θ_Σ}_{Σ∈∣Sign∣} on SEN, i.e., a ∣Sign∣-indexed family of equivalence relations, is called a congruence family on A if it is invariant under N-morphisms, i.e., if, for all σ ∶ SEN^k → SEN in N, all Σ ∈ ∣Sign∣ and all φ_0, ψ_0, . . . , φ_{k−1}, ψ_{k−1} ∈ SEN(Σ),

⟨φ_i, ψ_i⟩ ∈ θ_Σ, i < k, imply ⟨σ_Σ(φ_0, . . . , φ_{k−1}), σ_Σ(ψ_0, . . . , ψ_{k−1})⟩ ∈ θ_Σ.

A congruence system is an equivalence family that is invariant under both Sign-morphisms and N-morphisms. The collection of all congruence systems on A is denoted by ConSys(A). Ordered by signature-wise inclusion ≤, it forms a complete lattice denoted by ConSys(A) = ⟨ConSys(A), ≤⟩.

Let F = ⟨Sign, SEN, N⟩ be a fixed algebraic system, termed the base algebraic system. An algebraic system A = ⟨Sign^′, SEN^′, N^′⟩ is called an N-algebraic system if there exists a surjective functor^′ ∶ N → N^′ that preserves all projection natural transformations and, therefore, preserves also the arities of all natural transformations in N. We write σ^′ in N^′ to indicate the image in N^′ of a σ in N under the functor^′. Given two Nalgebraic systems A = ⟨Sign^′, SEN^′, N^′⟩ and B = ⟨Sign^{′′}, SEN^{′′}, N^{′′}⟩, an N-(algebraic system) morphism ⟨H, γ⟩ ∶ A → B consists of

• a functor H ∶ Sign^′ → Sign^{′′} and

• a natural transformation γ ∶ SEN^′ → SEN^{′′} ○ H, such that, for all σ ∶ SEN^k → SEN in N, all Σ ∈ ∣Sign^′∣ and all φ_0, . . . , φ_{k−1} ∈ SEN^′(Σ),

γ_Σ(σ^′_Σ(φ_0, . . . , φ_{k−1})) = σ^{′′}_{H(Σ)}(γ_Σ(φ_0), . . . , γ_Σ(φ_{k−1})).

Given an N-morphism ⟨H, γ⟩ ∶ A → B, the kernel of ⟨H, γ⟩ is the congruence system Ker(⟨H, γ⟩) = {Ker_Σ(⟨H, γ⟩)}_{Σ∈∣Sign}′_∣ on A, defined, for all Σ ∈ ∣Sign^′∣, by

Ker_Σ(⟨H, γ⟩) = {⟨φ, ψ⟩ ∈ SEN^′(Σ)^2 ∶ γ_Σ(φ) = γ_Σ(ψ)}.

Given an algebraic system A = ⟨Sign, SEN, N⟩ and a congruence system θ on A, one can define the quotient algebraic system A/θ = ⟨Sign, SEN^θ, N^θ⟩ of A by θ (see, e.g., [22]). In this case ⟨I_{Sign}, π^θ⟩ ∶ A → A/θ denotes the projection morphism from A onto A/θ. Thus, given a class K of algebraic systems, it makes sense to consider the K-relative congruence systems on A, i.e., those θ ∈ ConSys(A), such that A/θ ∈ K. The class of all relative K-congruence systems on A is denoted by ConSys_K(A).

Let A = ⟨Sign, SEN, N⟩ be an algebraic system and T = {T_Σ}_{Σ∈∣Sign∣} a sentence family of SEN. A congruence system θ = {θ_Σ}_{Σ∈∣Sign∣} on A is compatible with T , denoted T comp θ, if, for all Σ ∈ ∣Sign∣ and all φ, ψ ∈ SEN(Σ),

⟨φ, ψ⟩ ∈ θ_Σ and φ ∈ T_Σ imply ψ ∈ T_Σ.

Consider, again, an algebraic system A = ⟨Sign, SEN, N⟩. Given a sentence family T of SEN there always exists a largest congruence system on A that is compatible with T (Proposition 2.2. of [25]). It is called the Leibniz congruence system of T on A and denoted ΩA(T ) = {ΩA_Σ (T )}_{Σ∈∣Sign∣}.

Given a collection T of sentence families of SEN, there always exists a largest congruence system on A that is compatible with every T ∈ T . This is termed the Tarski congruence system of T on A and denoted by ̃ΩA(T ).

A π-institution^1 I = ⟨A, C⟩ consists of

• an algebraic system A = ⟨Sign, SEN, N⟩ and

• a closure system C on SEN, i.e., a family of closure operators C = {C_Σ}_{Σ∈∣Sign∣} that satisfy, for all Σ, Σ^′ ∈ ∣Sign∣ and all f ∈ Sign(Σ, Σ^′),

SEN(f)(C_Σ(Φ)) ⊆ C_Σ′ (SEN(f)(Φ)), for all Φ ⊆ SEN(Σ),

a condition known as structurality.

Given a π-institution I = ⟨A, C⟩, a sentence family (system) T = {T_Σ}_{Σ∈∣Sign∣} of SEN is called a theory family (system) if each T_Σ ⊆ SEN(Σ) is a Σtheory, i.e., a closed set under C: C_Σ(T_Σ) = T_Σ. The collection of all

1This is the same as a π-institution I = ⟨Sign, SEN, C⟩, augmented with a category N of natural transformations on its sentence functor SEN, in traditional CAAL.

theory families of I is denoted by ThFam(I). Ordered by signature wise inclusion ≤, the collection of all theory families forms a complete lattice that is denoted by ThFam(I) = ⟨ThFam(I), ≤⟩.

Let I = ⟨A, C⟩ be a π-institution. As a special case of the definition of the Tarski congruence system of a collection of sentence families, we obtain the Tarski congruence system of I, i.e., the largest congruence system that is compatible with every theory family T ∈ ThFam(I). Ordinarily, instead of the notation ̃ΩA(ThFam(I)), we use the notation ̃ΩA(C) or ̃Ω(I) for this congruence system.

Consider, again, a π-institution I = ⟨A, C⟩ and a theory family T ∈ ThFam(I). The Suszko congruence system of T in I, denoted ̃Ω^I (T ), is the largest congruence system that is compatible with all T^′ ∈ ThFam(I), such that T ≤ T^′. This set is usually denoted (ThFam(I))^T = {T^′ ∈ ThFam(I) ∶ T ≤ T^′}. Thus, ̃Ω^I (T ) = ̃ΩA((ThFam(I))^T ).

In summary, the three congruence systems ΩA(T ), ̃Ω^I (T ) and ̃ΩA(C) are related by ̃Ω^I (T ) = ⋂{ΩA(T^′) ∶ T^′ ∈ ThFam(I), T ≤ T^′} and ̃Ω(I) = ⋂{ΩA(T ) ∶ T ∈ ThFam(I)}.

Let F = ⟨Sign, SEN, N⟩ be a base algebraic system and A = ⟨Sign^′, SEN^′, N^′⟩ an N-algebraic system. A pair A = ⟨A, ⟨F, α⟩⟩ is an (interpreted) Nalgebraic system^2 if A is an N-algebraic system and ⟨F, α⟩ ∶ SEN → SEN^′ is an N-morphism.

Let A = ⟨A, ⟨F, α⟩⟩ and B = ⟨B, ⟨G, β⟩⟩ be two interpreted N-algebraic systems. An N-morphism ⟨H, γ⟩ ∶ A → B is called an N-morphism from A to B, denoted ⟨H, γ⟩ ∶ A → B, if the following triangle commutes: SEN

� � � � ⟨F, α⟩ � � � ⟨G, β⟩ � SEN^′ ⟨H, γ⟩

� SEN^{′′}

Such an N-morphism is said to be surjective if both H ∶ Sign^′ → Sign^{′′} and all γ_Σ′ ∶ SEN^′(Σ^′) → SEN^{′′}(H(Σ^′)), Σ^′ ∈ ∣Sign^′∣, are surjective.

An N-matrix system A = ⟨A, T^′⟩ is a pair consisting of an N-algebraic system A = ⟨Sign^′, SEN^′, N^′⟩ and a sentence family T^′ = {T^′_Σ}_{Σ∈∣Sign}′_∣ of SEN^′. An (interpreted) N-matrix system^2 A = ⟨A, T^′⟩ is a pair consisting of an interpreted N-algebraic system A = ⟨A, ⟨F, α⟩⟩ and a sentence family T^′ = {T^′_Σ}_{Σ∈∣Sign}′_∣ of SEN^′.

2Hopefully, the overloading of terminology will not cause any confusion.

Fix a base algebraic system F = ⟨Sign, SEN, N⟩ and a π-institution I = ⟨F, C⟩, referred to as the base π-institution.^3 Then an interpreted Nmatrix system A = ⟨A, T^′⟩ is called an I-matrix system if T^′ is an I-filter family of A, i.e., for all Σ ∈ ∣Sign∣, Φ∪{φ} ⊆ SEN(Σ), such that φ ∈ C_Σ(Φ), and all f ∈ Sign(Σ, Σ^′),

α_Σ′ (SEN(f)(Φ)) ⊆ T^′_Σ′ implies α_Σ′ (SEN(f)(φ)) ∈ T^′_Σ′ .

We denote by FiFam^I (A) the collection of all I-filter families of A. Ordered by signature-wise inclusion ≤, this set becomes a complete lattice, denoted by FiFam^I (A) = ⟨FiFam^I (A), ≤⟩. We set (FiFam^I (A))^{T ′} = {T^{′′} ∈ FiFam^I (A) ∶ T^′ ≤ T^{′′}}. The following lemma (Lemma P.3) provides some preservation properties of I-filter families under the application of N-mor-phisms between the underlying N-algebraic systems.

Lemma 1 Let I = ⟨F, C⟩ be a π-institution, A, B be N-algebraic systems, ⟨H, γ⟩ ∶ A → B an N-morphism and T^{′′} a sentence family of B.

1. If T^{′′} ∈ FiFam^I (B), then γ^{−1}(T^{′′}) ∈ FiFam^I (A).

2. If γ^{−1}(T^{′′}) ∈ FiFam^I (A), then T^{′′} ∈ FiFam^I (B).

3. If ⟨H, γ⟩ is such that H is an isomorphism, and Ker(⟨H, γ⟩) is compatible with T^′ ∈ FiFam^I (A), then γ(T^′) ∈ FiFam^I (B).

Similar concepts and terminology may be applied to the so-called generalized matrix systems or gmatrix systems for short. An N-gmatrix system A = ⟨A, T^′⟩ is a pair consisting of an N-algebraic system A = ⟨Sign^′, SEN^′, N^′⟩ and a collection of sentence families T^′ of SEN^′. An (interpreted) N-gmatrix system^2 A = ⟨A, T^′⟩ is a pair consisting of an interpreted Nalgebraic system A = ⟨A, ⟨F, α⟩⟩ and a collection of sentence families T^′ of SEN^′. An I-gmatrix system A = ⟨A, T^′⟩ is a tuple, such that every sentence family in T^′ is an I-filter family of A.

Note that, given an interpreted N-algebraic system A = ⟨A, ⟨F, α⟩⟩, the pair I^′ = ⟨A, FiFam^I (A)⟩ is also a π-institution (in closure system form). In accordance, we define the Suszko congruence of T^′ ∈ FiFam^I (A), denoted ̃Ω^{A,I} (T^′) by

̃Ω^{A,I} (T^′) = ̃Ω^{I′} (T^′) = ⋂{ΩA(T^{′′}) ∶ T^{′′} ∈ FiFam^I (A), T^′ ≤ T^{′′}}.

3The qualifying “base” is omitted whenever I is considered fixed in a specific context.

We also extend the notation ΩA(T^′) and ΩA(T^′) to interpreted N-algebraic systems, writing Ω^A(T^′) and Ω^A(T^′), with the meaning that these are identical to those applied to the underlying N-algebraic system A of A. The restriction of Ω^A to FiFam^I (A) is the Leibniz operator on A. The restriction of ̃Ω^{A,I} to ThFam^I (A) is the Suszko operator on A and the restriction of ̃Ω^A on P(FiFam^I (A)) is the Tarski operator on A. The families Ω = {Ω^A ∶ A an N-algebraic system} ̃Ω^I ∶= ̃Ω^{●,I} = {̃Ω^{A,I} ∶ A an N-algebraic system} ̃Ω = {̃Ω^A ∶ A an N-algebraic system}

are termed the Leibniz, the Suszko and the Tarski operator, respectively. Saying that one of those has a property P globally means that property P holds for every member of the family. E.g., the Leibniz operator is globally order preserving if Ω^A ∶ FiFam^I (A) → ConSys(A) is order preserving, for every N-algebraic system A. Proposition P.4 asserts some properties of these operators:

Proposition 2 Let I be a π-institution, A, B two N-algebraic systems and ⟨H, γ⟩ ∶ A → B a surjective N-morphism. For all T^{′′} ∪ {T^{′′}} ⊆ FiFam^I (B),

1. γ^{−1}(Ω^B(T^{′′})) = Ω^A(γ^{−1}(T^{′′}));

2. γ^{−1}(̃Ω^B(T^{′′})) = ̃Ω^A(γ^{−1}(T^{′′})).

3. γ^{−1}(̃Ω^{B,I} (T^{′′})) = ̃Ω^{A,I} ((γ^{−1}(FiFam^I (B)))^{γ−1 (T ′′)}).

The original definition of a full model in AAL was given by Font and Jansana in [11] and, it was, subsequently, adapted in CAAL in [23].

Let I = ⟨F, C⟩, with F = ⟨Sign, SEN, N⟩, be a π-institution and A = ⟨A, ⟨F, α⟩⟩, with A = ⟨Sign^′, SEN^′, N^′⟩, an N-algebraic system. A collection T^′ ⊆ FiFam^I (A) is full if T^′ = {T^′ ∈ FiFam^I (A) ∶ ̃Ω^A(T^′) ≤ Ω^A(T^′)}, i.e., T^′ consists of all I-filter families on A with which the Tarski congruence system ̃Ω^A(T^′) of T^′ is compatible.

If T^′ is full, then T^′ is a closure system on A, whence the pair I^′ = ⟨A, T^′⟩ is a π-institution. We use the terminology full I-gmatrix system for A = ⟨A, T^′⟩ when T^′ is a full collection of I-filter families. Full I-gmatrix systems were characterized in Proposition P.5 (see also Proposition 2.7 of [1]).

Proposition 3 Let A be an N-algebraic system, let T^′ ⊆ FiFam^I (A) and ⟨I_{Sign}′ , π⟩ ∶ A → A/̃Ω^A(T^′) be the canonical projection N-morphism. Then the following conditions are equivalent:

(i) T^′ is full.

(ii) π(T^′) = FiFam^I (A/̃Ω^A(T^′)).

(iii) T^′ = π^{−1}(FiFam^I (A/̃Ω^A(T^′))).

(iv) T^′ = γ^{−1}(FiFam^I (B)) for some N-algebraic system B and some surjective N-morphism ⟨H, γ⟩ ∶ A → B, with H an isomorphism.

Given two N-matrix systems A = ⟨A, T^′⟩ and B = ⟨B, T^{′′}⟩, an N-matrix system morphism ⟨H, γ⟩ ∶ A → B is a N-morphism ⟨H, γ⟩ ∶ A → B, such that γ^{−1}(T^{′′}) ≤ T^′. It is called strict if γ^{−1}(T^{′′}) = T^′. These definitions extend to interpreted systems with the proviso that N-morphisms must be replaced by morphisms between interpreted systems, i.e., algebraic morphisms commuting with the interpretations.

A N-matrix system A = ⟨A, T^′⟩, with A = ⟨Sign^′, SEN^′, N^′⟩ is said to be Leibniz reduced or simply reduced if ΩA(T^′) = Δ^{SEN′} , where Δ^{SEN′} is the identity congruence system on A. A gmatrix system A = ⟨A, T^′⟩ is Tarski reduced or simply reduced if ̃ΩA(T^′) = Δ^{SEN′} . Finally, we call an I-matrix system A = ⟨A, T^′⟩ Suszko reduced if ̃ΩA^{,I} (T^′) = Δ^{SEN′} . This terminology extends to interpreted N-matrix systems and to interpreted N-gmatrix systems.

By analogy with the universal algebraic framework, reduced I-matrix systems, Suszko reduced I-matrix systems and Tarski reduced I-gmatrix systems give rise to natural classes of N-algebraic systems that are associated to a given base π-institution I.

AlgSys^∗(I) = {A ∶ (∃T^′ ∈ FiFam^I (A))(Ω^A(T^′) = Δ^{SEN′} )} AlgSys^{Su}(I) = {A ∶ (∃T^′ ∈ FiFam^I (A))(̃Ω^{A,I} (T^′) = Δ^{SEN′} )} AlgSys(I) = {A ∶ (∃T^′ ⊆ FiFam^I (A))(̃Ω^A(T^′) = Δ^{SEN′} )} = {A ∶ ̃Ω^A(FiFam^I (A)) = Δ^{SEN′} }.

Analogously with the corresponding AAL classes and accompanying results, established in [4, 9, 11], we may obtain the following characterizations of these classes (I denotes the isomorphic copies operator for interpreted Nalgebraic systems):

Lemma 4 Let I be a π-institution.

1. AlgSys^∗(I) = I({A/Ω^A(T ) ∶ A N-alg system, T ∈ FiFam^I (A)}).

2. AlgSys^{Su}(I) = I({A/̃Ω^{A,I} (T ) ∶ A N-alg system, T ∈ FiFam^I (A)}).

3. AlgSys(I) = I({A/̃Ω^A(T ) ∶ A N-alg system, T ⊆ FiFam^I (A) full}).

4. AlgSys(I) = I({A/̃Ω^A(T ) ∶ A N-alg system, T ⊆ FiFam^I (A)}).

5. AlgSys(I) = AlgSys^{Su}(I).

Finally, we define the main classes of the CAAL hierarchy of π-institutions. We note that in the traditional AAL hierarchy of sentential logics, the most important classes have equivalent semantic and syntactic characterizations. The semantic ones involve properties of the Leibniz and the other compatibility operators, and associated classes of models, whereas the syntactic ones are based on the existence of sets of formulas satisfying specific properties, such as, e.g., reflexivity, the deduction-detachment theorem or the congruence property [14]. In contrast, in the categorical setting, it has been conjectured that the corresponding semantic and syntactic properties may not be equivalent in general. Thus, a π-institution is said to be, e.g., semantically protoalgebraic if it satisfies the semantic property and syntactically protoalgebraic if it satisfies the corresponding syntactic property and, most likely, these terms are not equivalent. In the present work, we only introduce and employ the definitions of the semantically defined classes, using the categorical compatibility operators, and, hence, we omit the qualification “semantically”, even though, as pointed out, it is, strictly speaking, necessary for differentiation purposes.

Definition 5 Let I = ⟨F , C⟩ be a π-institution.

• I is protoalgebraic ([2] in AAL and [25] in CAAL) if Ω is globally order-preserving.

• I is equivalential ([6, 7] in AAL and [27] in CAAL) if Ω is globally order preserving and commutes with inverse N-morphisms.

• I is truth-equational ([20] in AAL and [29] in CAAL) if Ω is globally completely order reflecting.

• I is weakly algebraizable ([10] in AAL and [30] in CAAL) if it is protoalgebraic and truth-equational.

• I is algebraizable ([4, 16, 17] in AAL and [21] in CAAL) if it is equivalential and truth-equational.

With this definition, we preserve the AAL Leibniz hierarchy:

algebraizable

� � � � � � � � � � equivalential weakly algebraizable � � � � � � � � � � � � � � � protoalgebraic truth-equational

3 The Leibniz and Suszko Operators

Albuquerque, Font and Jansana defined in [1] arbitrary S-compatibility operators, studied their properties extensively and used the theory to prove a wealth of results pertaining to the Leibniz hierarchy of AAL by specializing to the Leibniz, Suszko and Tarski operators. Taking after their work, in [31], given an arbitrary π-institution I = ⟨F , C⟩ over a base algebraic system F = ⟨Sign, SEN, N⟩, an I-compatibility operator on an interpreted N-algebraic system A = ⟨A, ⟨F, α⟩⟩, with A = ⟨Sign^′, SEN^′, N^′⟩, was defined to be a mapping ∇^A ∶ FiFam^I (A) → ConSys(A), such that, for all T ∈ ThFam^I (A), ∇^A(T ) is compatible with T . The ∇^A-class of T ∈ ThFam^I (A) was defined in Definition P.20 by

�T �^{∇A} = {T^′ ∈ ThFam^I (A) ∶ ∇^A(T ) ≤ Ω^A(T^′)}.

In other words, the ∇^A-class of a filter family T of A consists of all those filter families of A with which the ∇^A-congruence system of T is compatible. The least element of this class is denoted by T^{∇A} = ⋂�T �^{∇A} and T is called a ∇^A-filter family if T = T^{∇A} . The collection of all ∇^A-filter families on A is denoted by FiFam^{∇A} (A).

If a compatibility operator ∇^A is defined for every N-algebraic system A, the family ∇ = {∇^A ∶ A an N-algebraic system} is formed. Such a family ∇ was called (weakly) coherent in Definition P.32 (see, also Definition 4.7 of [1]) if, for all surjective N-morphisms ⟨H, γ⟩ ∶ A → B (with H an isomorphism) and all T^{′′} ∈ FiFam^I (B), if ⟨H, γ⟩ is ∇^A-compatible with γ^{−1}(T^{′′}), then ∇^A(γ^{−1}(T^{′′})) = γ^{−1}(∇^B(T^{′′})). ∇^A-compatibility of ⟨H, γ⟩ with γ^{−1}(T^{′′}) means that Ker(⟨H, γ⟩) ≤ ∇^A(γ^{−1}(T^{′′})). Perhaps one of the most important results proven in [31] is the General Correspondence Theorem P.40 (see, also, Theorem 4.15 of [1]).

Theorem 6 (General Correspondence Theorem) Let ∇ be a weakly coherent family of I-compatibility operators. For every surjective N-mor-phism ⟨H, γ⟩ ∶ A → B, with H an isomorphism, and every T ∈ FiFam^I (A), if ⟨H, γ⟩ is ∇^A-compatible with T , then ⟨H, γ⟩ induces an order isomorphism between �T �^{∇A} and �γ(T )�^{∇B} , whose inverse is given by γ^{−1}.

In the sequel, we view the Leibniz operator Ω^A on an N-algebraic system A as a special case of an I-compatibility operator and apply some of the results obtained in [31] to prove various analogs for the CAAL hierarchy of π-institutions of corresponding results established in [1] for sentential logics.

The Ω^A-class of T ∈ FiFam^I (A) is defined by specializing Definition P.20 of the ∇^A-class �T �^{∇A} of a theory family T ∈ ThFam^I (A) with respect to an arbitrary I-compatibility operator ∇^A:

�T �^{ΩA} = Ω^{A−1} (Ω^A(T )) = {T^′ ∈ FiFam^I (A) ∶ Ω^A(T ) ≤ Ω^A(T^′)}.

We call this the Leibniz class of T . By analogy to T^{∇A} , T^{ΩA} is the least element of the Leibniz class of T , called the Leibniz filter family of T . The filter family T is called a Leibniz filter family if T = T^{ΩA} . The collection of all Leibniz filter families if FiFam^{ΩA} (A).

The corresponding AAL notions have been developed and explored extensively in the work of the Barcelona School of AAL by, e.g., Font and Jansana [12, 13] and Jansana [19], and, more recently, by Albuquerque, Font and Jansana [1].

Every Leibniz class is a full closure system:

Proposition 7 For all T ∈ FiFam^I (A), the Leibniz class �T �^{ΩA} is full, whence it is a closure system on A. It satisfies ̃Ω^A(�T �^{ΩA} ) = Ω^A(T ). It is the largest T ⊆ FiFam^I (A), and the only full, such that ̃Ω^A(T ) = Ω^A(T ).

Proof: By Proposition P.21, �T �^{ΩA} = Ω^{A−1} (̃Ω^A(�T �^{ΩA} )) and �T �^{ΩA} is full. By Lemma P.27, T ∈ �T �^{ΩA} , whence, we get ̃Ω^A(�T �^{ΩA} ) ≤ Ω^A(T ). By Corollary P.11, ̃Ω^A ○ Ω^{A−1} is a closure on ConSys(A), whence

Ω^A(T ) ≤ ̃Ω^A(Ω^{A−1} (Ω^A(T ))) = ̃Ω^A(�T �^{ΩA} ).

Thus, the second claimed equality holds. By Corollary P.18, the Tarski operator is injective on full I-gmatrix systems, proving uniqueness. ∎

Borrowing AAL notation, we denote by [T ] = {T^′ ∈ FiFam^I (A) ∶ Ω^A(T^′) = Ω^A(T )} the equivalence class of the kernel of the Leibniz operator determined by a T ∈ FiFam^A(I).

It is clear that [T ] ⊆ �T �^{ΩA} , for all T ∈ FiFam^I (A). In the case of protoalgebraic π-institutions, the least elements in the collections of the form [T ] and the least elements in corresponding classes �T �^{ΩA} coincide. Finally, for any π-institution I, a filter family T equals ⋂[T ] if and only if it is a Leibniz filter family. Lemma 8 For all T ∈ FiFam^I (A):

1. T^{ΩA} ≤ ⋂[T ] ≤ T .

2. If T = T^{ΩA} , then T = ⋂[T ].

3. If I is protoalgebraic, then T = T^{ΩA} iff T = ⋂[T ]. Proof: Suppose T ∈ FiFam^I (A).

1. Since [T ] ⊆ �T �^{ΩA} , we get T^{ΩA} = ⋂�T �^{ΩA} ≤ ⋂[T ]. Moreover, since T ∈ [T ], ⋂[T ] ≤ T .

2. Immediate consequence of Part 1.

3. Suppose that I is protoalgebraic. Let T = ⋂[T ]. Since T^{ΩA} ≤ T , by protoalgebraicity, Ω^A(T^{ΩA} ) ≤ Ω^A(T ). On the other hand, since T^{ΩA} ∈ �T �^{ΩA} (�T �^{ΩA} is full), Ω^A(T ) ≤ Ω^A(T^{ΩA} ). Therefore, Ω^A(T ) = Ω^A(T^{ΩA} ), whence T^{ΩA} ∈ [T ] and, thus, T = ⋂[T ] ≤ T^{ΩA} . ∎ Recalling that the Leibniz operator is the largest I-compatibility operator, we can easily derive Lemma 9 Let ∇^A be an I-compatibility operator on A. Then, for all T ∈ FiFam^I (A):

1. �T �^{ΩA} ⊆ �T �^{∇A} . 2. T^{∇A} ≤ T^{ΩA} .

3. Every ∇^A-filter family is a Leibniz filter family.

Proof: For Part 1, if T^′ ∈ �T �^{ΩA} , we get Ω^A(T ) ≤ Ω^A(T^′), whence, since ∇^A(T ) ≤ Ω^A(T ), we get ∇^A(T ) ≤ Ω^A(T^′) and, hence, T^′ ∈ �T �^{∇A} . Part 2 is a direct consequence of Part 1. For Part 3, note, first, that, by Lemma 8, T^{ΩA} ≤ T . But we also have

T = T^{∇A} (by hypothesis) ≤ T^{ΩA} . (by Part 2)

Thus, T = T^{ΩA} and T is a Leibniz filter family. ∎

Proposition 10 For all T ∈ FiFam^I (A), T^{ΩA} is a Leibniz filter family of A. Proof: By Lemma 8, (T^{ΩA} )^{ΩA} ≤ T^{ΩA} . For the reverse inclusion, since T^{ΩA} ∈ �T �^{ΩA} (�T �^{ΩA} is full), we get �T^{ΩA} �^{ΩA} ⊆ �T �^{ΩA} . Therefore, T^{ΩA} = ⋂�T �^{ΩA} ≤ ⋂�T^{ΩA} �^{ΩA} = (T^{ΩA} )^{ΩA} . ∎ One may thus derive the fact that, if I is a protoalgebraic π-institution, an I-filter family is a Leibniz filter family iff it is the least element of some full I-gmatrix system. Generalizing this to arbitrary π-institutions, we obtain

Theorem 11 An I-filter family T of A is a Leibniz filter family iff there exists a full I-gmatrix system ⟨A, T ⟩, such that T = ⋂ T .

Proof: Suppose that T ∈ FiFam^I (A) is a Leibniz filter family. Thus, T is the least element of its Leibniz class, which, by Proposition 7 is full.

Conversely, assume T = ⋂ T , where ⟨A, T ⟩ is a full I-gmatrix system. Since T = ⋂ T ∈ T , we have ̃Ω^A(T ) ≤ Ω^A(T ). Therefore, �T �^{ΩA} = Ω^{A−1} (Ω^A(T )) ⊆ Ω^{A−1} (̃Ω^A(T )) = T , with the last equality justified by Proposition P.17. Hence, T = ⋂ T ≤ ⋂�T �^{ΩA} = T^{ΩA} . The converse inclusion always holds, whence T is in fact a Leibniz filter family. ∎ Corollary P.28 applied to the Leibniz operator yields the next proposition, which generalizes Proposition 5.6 of [1], which, in turn, taking into account Lemma 8, is an abstraction of Proposition 10 of [12].

Proposition 12 A filter family T ∈ FiFam^I (A) is a Leibniz filter family of A iff T /Ω^A(T ) is the least I-filter family of A/Ω^A(T ).

Taking into account Proposition 2 and instantiating Proposition P.35, we obtain the following

Lemma 13 The Leibniz operator Ω = {Ω^A ∶ A an N-algebraic system} is a coherent family of I-compatibility operators.

With this at hand, we can establish a correspondence theorem along the lines of Theorem 6 for Leibniz classes of algebraic systems connected by surjective N-morphisms (see Theorem 5.8 of [1]).

Theorem 14 (Correspondence for Leibniz Classes) Let ⟨H, γ⟩ ∶ A → B be a surjective N-morphism and T ∈ FiFam^I (A). If H is an isomorphism and ⟨H, γ⟩ is Ω^A-compatible with T , then ⟨H, γ⟩ induces an order isomorphism between �T �^{ΩA} and �γ(T )�^{ΩB} , whose inverse is γ^{−1}. Moreover, for every T^′ ∈ �T �^{ΩA} , ⟨H, γ⟩ induces an order isomorphism between [T^′] and [γ(T^′)].

Proof: The first part follows by Theorem 6, using Lemma 13 to justify its applicability. For the second part, let T^′, T^{′′} ∈ �T �^{ΩA} . Note that T^′ ∈ �T �^{ΩA} implies [T^′] ⊆ �T �^{ΩA} . By the already establishes first part, we obtain that γ^{−1}(γ(T^′)) = T^′ and γ^{−1}(γ(T^{′′})) = T^{′′}. Using Proposition 2 and the surjectivity of ⟨H, γ⟩, we now get

Ω^A(T^′) = Ω^A(T^{′′}) iff Ω^A(γ^{−1}(γ(T^′))) = Ω^A(γ^{−1}(γ(T^{′′}))) iff γ^{−1}(Ω^B(γ(T^′))) = γ^{−1}(Ω^B(γ(T^{′′}))) iff Ω^B(γ(T^′)) = Ω^B(γ(T^{′′})).

This shows that T^{′′} ∈ [T^′] iff γ(T^{′′}) ∈ [γ(T^′)]. Therefore, the order isomorphism between �T �^{ΩA} and �γ(T )�^{ΩB} restricts to one between [T^′] and [γ(T^′)]. ∎

Theorem 14 partly generalizes to arbitrary π-institutions and to larger collections of filter families a correspondence theorem related to protoalgebraic π-institutions (Theorem 5.9 of [28], see also [3]). It is also an abstraction to the categorical context of the Correspondences established in Corollary 7.7 of [5] and Corollary 9 of [12].

Corollary 15 For every surjective N-morphism ⟨H, γ⟩ ∶ A → B and every T ∈ FiFam^I (A), if H is an isomorphism and ⟨H, γ⟩ is Ω^A-compatible with T , then T is a Leibniz filter family of A if and only if γ(T ) is a Leibniz filter family of B.

Switching to the Suszko operator for a similar study as the one just completed for the Leibniz operator, we call the class

�T �^{̃ΩA,I} = Ω^{A−1} (̃Ω^{A,I} (T )) = {T^′ ∈ FiFam^I (A) ∶ ̃Ω^{A,I} (T ) ≤ Ω^A(T^′)} the Suszko class of T . Moreover, T^{̃ΩA,I} is the least element of the class �T �^{̃ΩA,I} , and T is said to be a Suszko filter family if T = T^{̃ΩA,I} . Finally, FiFam^{̃ΩA,I} (A) denotes the collection of all Suszko filter families of A.

Along the lines of Proposition 7, we show the following Proposition 16 For all T ∈ FiFam^I (A), the Suszko class �T �^{̃ΩA,I} is full, whence it is a closure system on A. It satisfies ̃Ω^A(�T �^{̃ΩA,I} ) = ̃Ω^{A,I} (T ) and is the largest T ⊆ FiFam^I (A), and the only full, such that ̃Ω^A(T ) = ̃Ω^{A,I} (T ). Proof: By Proposition P.21, �T �^{̃ΩA,I} = Ω^{A−1} (̃Ω^A(�T �^{̃ΩA,I} )) and �T �^{̃ΩA,I} is full. Note that, if T^′ ∈ FiFam^I (A), with T ≤ T^′, then ̃Ω^{A,I} (T ) ≤ ̃Ω^{A,I} (T^′) ≤ Ω^A(T^′).

Thus, (FiFam^I (A))^T ⊆ �T �^{̃ΩA,I} . Therefore, ̃Ω^A(�T �^{̃ΩA,I} ) ≤ ̃Ω^{A,I} (T ). On the other hand,

̃Ω^{A,I} (T ) ≤ ⋂ Ω^A({T^′ ∈ FiFam^I (A) ∶ ̃Ω^{A,I} (T ) ≤ Ω^A(T^′)}) = ̃Ω^A(�T �^{̃ΩA,I} ).

Thus, the second claimed equality holds. By Corollary P.18, the Tarski operator is injective on full I-gmatrix systems, giving uniqueness. ∎ Taking into account the fact that the Suszko operator is the largest order preserving I-compatibility operator, we also get Lemma 17 For T ∈ FiFam^I (A):

1. T^{̃ΩA,I} ≤ T^{ΩA} ≤ T .

2. Every Suszko filter family is a Leibniz filter family. 3. If T ≤ T^′, then �T^′�^{̃ΩA,I} ⊆ �T �^{̃ΩA,I} and T^{̃ΩA,I} ≤ T^{′̃ΩA,I} . 4. (FiFam^I (A))^T ⊆ �T �^{̃ΩA,I} ⊆ (FiFam^I (A))^{T ̃ΩA,I} . 5. �T �^{̃ΩA,I} ⊆ �T^{̃ΩA,I} �^{̃ΩA,I} .

6. �T �^{̃ΩA,I} = (FiFam^I (A))^T if and only if T = T^{̃ΩA,I} , i.e., iff T is a Suszko filter family.

Proof: All statements are specializations of results proven previously for arbitrary I-compatibility operators: The inequalities in Part 1 follow from Lemma 9 and Lemma 8, respectively. Part 2 specializes Lemma 9. Parts 3 and 4 specialize Lemma P.24. Part 5 specializes Lemma P.27 and, finally, Part 6 specializes Lemma P.25. ∎ Note that for a T ∈ FiFam^I (A), the filter family T^{̃ΩI,A} need not be a Suszko filter family. This is illustrated in the sentential context in (counter) Example 5.12 of [1].

Since, according to Lemma 17, Suszko filter families are special cases of Leibniz filter families and the latter are least elements of full I-gmatrix systems, the former are also. In addition, they can be characterized as the least elements of those full I-gmatrix systems that are up-sets. The only such up-sets are the principal ones determined by the Suszko filter families themselves. More precisely, we obtain the following analog of Theorem 5.13 of [1]:

Theorem 18 For all T ∈ FiFam^I (A), the following are equivalent:

(i) T is a Suszko filter family of A.

(ii) ⟨A, (FiFam^I (A))^T ⟩ is a full I-gmatrix system.

(iii) T = ⋂ T , for some full upset T ⊆ FiFam^I (A).

Moreover, the principal upset (FiFam^I (A))^T is the only T ⊆ FiFam^I (A) that satisfies Condition (iii).

Proof:

(i)⇒(ii) The hypothesis implies, by Lemma 17, that �T �^{̃ΩA,I} = (FiFam^I (A))^T .

Therefore, by Proposition 16, we get that (FiFam^I (A))^T is full.

(ii)⇒(iii) Since (FiFam^I (A))^T is an up-set and T = ⋂(FiFam^I (A))^T , (iii) follows.

(iii)⇒(i) Suppose, now, that T = ⋂ T , for some full upset T ⊆ FiFam^I (A).

Since T is full, it is a closure system, whence T ∈ T . Therefore, since T is an up-set, (FiFam^I (A))^T ⊆ T . But, by hypothesis, T = ⋂ T , whence T ⊆ (FiFam^I (A))^T . This shows that T = (FiFam^I (A))^T .

Since T is full,

T = (FiFam^I (A))^T = {T^′ ∈ FiFam^I (A) ∶ ̃Ω^A((FiFam^I (A))^T ) ≤ Ω^A(T^′)}.

But ̃Ω^A((FiFam^I (A))^T ) = ̃Ω^{A,I} (T ). Thus, (FiFam^I (A))^T = �T �^{̃ΩA,I} and, therefore, T = ⋂�T �^{̃ΩA,I} is a Suszko filter family. ∎

It is possible that a Suszko filter family is the least filter family of another full I-gmatrix system without that system being an up-set. In fact, since every Suszko filter family is also a Leibniz filter family, it is also the least filter family of a Leibniz class, which is also a full I-gmatrix system.

Corollary P.28 applied to the Suszko operator gives

Proposition 19 A filter family T ∈ FiFam^I (A) is a Suszko filter family of A iff T /̃Ω^{A,I}(T ) is the least filter family of A/̃Ω^{A,I} (T ).

Moreover, Proposition P.42 and Lemma 13 yield

Lemma 20 The Suszko operator ̃Ω^{●,I} = {̃Ω^{A,I} ∶ A an N-algebraic system} is a weakly coherent family of I-compatibility operators.

The weak coherence asserted by Lemma 20 allows using the relativized Correspondence Theorem P.43:

Theorem 21 (Correspondence for Suszko Classes) For every surjective ⟨H, γ⟩ ∶ A → B and every T ∈ FiFam^I (A), if H is an isomorphism and ⟨H, γ⟩ is ̃Ω^{A,I} -compatible with T , then ⟨H, γ⟩ induces an order isomorphism between �T �^{̃ΩA,I} and �γ(T )�^{̃ΩB,I} , whose inverse is given by γ^{−1}.

Theorem 21 is a strengthening of Corollary 3.12 of [26], which is an abstraction in the categorical context of Corollary 2.7 of [9]. In that case, we had an isomorphism between (FiFam^I (A))^T and (FiFam^I (B))^{γ(T )}, under the hypothesis that ⟨H, γ⟩, with H an isomorphism, is a surjective, deductive I-matrix system morphism from ⟨A, T ⟩ to ⟨B, γ(T )⟩. The generalization is obtained by observing that the property of being deductive is equivalent to ⟨H, γ⟩ being ̃Ω^{A,I} -compatible with T . The present isomorphism extends that result to an isomorphism between the entire Suszko classes �T �^{̃ΩA,I} and �γ(T )�^{̃ΩB,I} , which contain the up-sets (FiFam^I (A))^T and (FiFam^I (B))^{γ(T )}, respectively.

Finally, focusing on the least filter families of the complete lattices whose order isomorphism is established in Theorem 21, we obtain:

Corollary 22 If ⟨H, γ⟩ ∶ A → B is a surjective N-morphism, with H an isomorphism, and, for T ∈ FiFam^I (A), ⟨H, γ⟩ is ̃Ω^{A,I} -compatible with T , then T is a Suszko filter family of A iff γ(T ) is a Suszko filter family of B.

4 The Leibniz Hierarchy

We saw that a Leibniz class �T �^{ΩA} is full, whence ⟨A, �T �^{ΩA} ⟩ is a full Igmatrix system. The following proposition characterizes those full I-gmatrix systems that are of this form.

Proposition 23 Let ⟨A, T ⟩ be a full I-gmatrix system. The following are equivalent:

(i) T = �T �^{ΩA} , for some T ∈ FiFam^I (A).

(ii) A/̃Ω^A(T ) ∈ AlgSys^∗(I).

Proof:

(i)⇒(ii) Assume T = �T �^{ΩA} , for some T ∈ FiFam^I (A). Then, taking into account Proposition 7, ̃Ω^A(T ) = ̃Ω(�T �^{ΩA} ) = Ω^A(T ). Thus, A/̃Ω^A(T ) ∈ AlgSys^∗(I).

(ii)⇒(i) Suppose B = A/̃Ω^A(T ) ∈ AlgSys^∗(I). Then, there is T^′ ∈ FiFam^I (B), such that Ω^B(T^′) = Δ^{SEN′/̃ΩA(T )}. Thus, �T^′�^{ΩB} = FiFam^I (B). Let ⟨I, π⟩ ∶= ⟨I_{Sign}′ , π^{̃ΩA(T )}⟩ ∶ A → B be the projection N-morphism. Since T is full, T = π^{−1}(FiFam^I (B)). Thus, T = π^{−1}(�T^′�^{ΩB} ). Moreover Ker(⟨I, π⟩) = π^{−1}(Δ^{SEN′/̃ΩA(T )}) = π^{−1}(Ω^B(T^′)) = Ω^A(π^{−1}(T^′)), showing that ⟨I, π⟩ is Ω^A-compatible with π^{−1}(T^′). The Correspondence Theorem 14 now yields that T = π^{−1}(�T^′�^{ΩB} ) = �π^{−1}(T^′)�^{ΩA} . ∎ It is not always the case that every full I-gmatrix system is of the form �T �^{ΩA} , for some T ∈ FiFam^I (A). This reflects the fact that, as in the sentential framework, it may happen that AlgSys^∗(I) ⫋ AlgSys(I). The following proposition provides some equivalent conditions for equality to hold.

Proposition 24 Let I be a π-institution. The following are equivalent:

(i) AlgSys(I) = AlgSys^∗(I).

(ii) For all A, the class of full I-gmatrix systems on A is {⟨A, �T �^{ΩA} ⟩ ∶ T ∈ FiFam^I (A)}.

(iii) For all A and all T ∈ FiFam^I (A), there exists T^′ ∈ FiFam^I (A), such that ̃Ω^{A,I} (T ) = Ω^A(T^′).

Proof:

(i)⇒(ii) Suppose T ⊆ FiFam^I (A) is full. Then A/̃Ω^A(T ) ∈ AlgSys(I), i.e., by hypothesis, A/̃Ω^A(T ) ∈ AlgSys^∗(I). Thus, by Proposition 23, T = �T �^{ΩA} , for some T ∈ FiFam^I (A).

(ii)⇒(iii) Recall that all Suszko classes are full. Thus, by hypothesis, for all T ∈ FiFam^I (A), there exists T^′ ∈ FiFam^I (A), such that �T �^{̃ΩA,I} = �T^′�^{ΩA} . Therefore, we obtain ̃Ω^{A,I} (T ) = ̃Ω^A(�T �^{̃ΩA,I} ) = ̃Ω^A(�T^′�^{ΩA} ) = Ω^A(T^′).

(iii)⇒(i) Recall that AlgSys^∗(I) ⊆ AlgSys(I) always holds. To prove the reverse inclusion, suppose that A ∈ AlgSys(I) = AlgSys^{Su}(I). Thus, there exists T ∈ FiFam^I (A), such that ̃Ω^{A,I} (T ) = Δ^{SEN′} . By hypothesis, there exists T^′ ∈ FiFam^I (A), such that ̃Ω^{A,I} (T ) = Ω^A(T^′) = Δ^{SEN′} . Thus, A ∈ AlgSys^∗(I). ∎ Protoalgebraicity of I implies that AlgSys(I) = AlgSys^∗(I). This is a consequence of the following

Proposition 25 A π-institution I is protoalgebraic iff the Leibniz and the Suszko operators coincide, i.e., iff, for all A and all T ∈ FiFam^I (A),

̃Ω^{A,I} (T ) = Ω^A(T ).

Proof: I is protoalgebraic iff the Leibniz operator is order-preserving iff, since it is, by definition, the largest I-compatibility operator, it is the largest order-preserving I-compatibility operator iff it is equal to the Suszko operator. ∎

It follows that for a protoalgebraic π-institution, Leibniz and Suszko classes, Leibniz and Suszko filter families, associated classes of N-algebraic systems and all other notions associated with those operators coincide. Therefore, in particular, AlgSys(I) = AlgSys^∗(I). This equality yields a characterization of the full I-gmatrix systems in terms of Leibniz classes of filter families.

Corollary 26 If a π-institution I is protoalgebraic, AlgSys^∗(I) = AlgSys(I) and the full I-gmatrix systems are the I-gmatrix systems of the form ⟨A, �T �^{ΩA} ⟩, for some N-algebraic system A and some T ∈ FiFam^I (A).

In addition, we obtain the following characterizations of protoalgebraicity in terms of full I-gmatrix systems, abstracting Theorem 6.5 of [1], which, in turn, extends Theorem 3.4 of [11]:

Theorem 27 For a π-institution I, the following are equivalent:

(i) I is protoalgebraic.

(ii) Every full collection of I-filter families is an upset, i.e., has form (FiFam^I (A))^T , for some I-filter family T on some A.

(iii) Every full collection of I-filter families is of the form (FiFam^I (A))^T , for some Suszko I-filter family T on some A.

(iv) �T �^{ΩA} = (FiFam^I (A))^{T ΩA} , for all A and all T ∈ FiFam^I (A). Proof:

(i)⇒(ii) Suppose ⟨A, T ⟩ is a full I-gmatrix system. Then T = {T^′ ∈ FiFam^I (A) ∶ ̃Ω^A(T ) ≤ Ω^A(T^′)}.

Since, by hypothesis, Ω is order-preserving, T is an upset. Since T is a closure system, it must be of the form (FiFam^I (A))^T , for some T ∈ FiFam^I (A), in fact for T = ⋂ T .

(ii)⇒(iii) This follows by Theorem 18.

(iii)⇒(iv) For all T ∈ FiFam^I (A), �T �^{ΩA} is a full I-gmatrix system. Thus, by hypothesis, �T �^{ΩA} = (FiFam^I (A))^{T ′} , with T^′ = ⋂�T �^{ΩA} = T^{ΩA} .

(iv)⇒(i) Let T, T^′ ∈ FiFam^I (A), such that T ≤ T^′. Then T^{ΩA} ≤ T ≤ T^′. By hypothesis, T^′ ∈ �T �^{ΩA} . Thus, Ω^A(T ) ≤ Ω^A(T^′). Since, for all A, Ω^A is order-preserving on FiFam^I (A), I is protoalgebraic. ∎ Strengthening Proposition 25, we show that the coincidence of any two of the Leibniz and Suszko corresponding notions characterizes protoalgebraicity:

Proposition 28 For a π-institution I, the following are equivalent:

(i) I is protoalgebraic.

(ii) The full classes of I-filter families coincide with the ̃Ω^I -full classes.

(iii) �T �^{ΩA} = �T �^{̃ΩA,I} , for all A and all T ∈ FiFam^I (A).

Proof:

(i)⇒(ii(i)) These follow from Proposition 25.

(ii)⇒(i) Suppose that the full classes of I-filter families coincide with the ̃Ω^I - full classes. By Lemma P.27, every ̃Ω^I -full class is an upset. Thus, by hypothesis, all full classes are upsets. By Theorem 27, I is protoalgebraic.

(iii)⇒(i) Suppose �T �^{ΩA} = �T �^{̃ΩA,I} , for all A and all T ∈ FiFam^I (A). Let A be an N-algebraic system and T, T^′ ∈ FiFam^I (A), such that T ≤ T^′. By Lemma 17, T^′ ∈ �T �^{̃ΩA,I} = �T �^{ΩA} . Hence Ω^A(T ) ≤ Ω^A(T^′). We conclude that I is protoalgebraic. ∎

We note that none of the two conditions

• T^{ΩA} = T^{̃ΩA,I} , for all A and all T ∈ FiFam^I (A), or

• T is a Suszko filter family iff it is a Lebniz filter family, for all A and all T ∈ FiFam^I (A),

characterize protoalgebraicity of I. This is because both hold vacuously for all truth-equational π-institutions. For every truth equational π-institution I and every N-algebraic system A, T is Suszko, for all T ∈ FiFam^I (A), and, hence, T is also Leibniz (see Theorem 32 and related remarks pertaining to the sentential case following Proposition 6.6 of [1]).

In Theorem 27 a characterization of protoalgebraic π-institutions was provided in terms of the form of full classes of I-filter families and of Leibniz classes. Next, we provide a similar characterization for truth-equational logics.

Given T ∈ FiFam^I (A), we have �T �^{̃ΩA,I} ⊇ (FiFam^I (A))^T . Thus, T is a Suszko filter family when the reverse inclusion holds, i.e., when

for all T^′ ∈ FiFam^I (A), ̃Ω^{A,I} (T ) ≤ Ω^A(T^′) implies T ≤ T^′.

This holding for all T ∈ ThFam^I (A) is tantamount to Ω^A being completely order reflecting (due to Raftery [20] in the AAL context):

Lemma 29 The Leibniz operator Ω^A is completely order reflecting on the class FiFam^I (A) iff, for all T ∈ FiFam^I (A), the following holds:

for all T^′ ∈ FiFam^I (A), ̃Ω^{A,I} (T ) ≤ Ω^A(T^′) implies T ≤ T^′. Proof: Suppose, first, that the Leibniz operator Ω^A on FiFam^I (A) is completely order reflecting. Assume that T, T^′ ∈ FiFam^I (A), such that ̃Ω^{A,I} (T ) ≤ Ω^A(T^′). Note that

̃Ω^{A,I} (T ) = ̃Ω^A((FiFam^I (A))^T ) = ⋂{Ω^A(U) ∶ U ∈ (FiFam^I (A))^T }.

Therefore, by hypothesis, T = ⋂(FiFam^I (A))^T ≤ T^′.

Conversely, assume that the displayed formula in the statement holds, for all T ∈ FiFam^I (A). Let T^i, T^′ ∈ FiFam^I (A), i ∈ I, be such that ⋂i∈I Ω^A(T^i) ≤ Ω^A(T^′). Then ̃Ω^{A,I} (⋂ i∈I T^i) ≤ ⋂_{i∈I} ̃Ω^{A,I} (T^i) ≤ ⋂_{i∈I} Ω^A(T^i) ≤ Ω^A(T^′).

Now, by hypothesis, ⋂_{i∈I} T^i ≤ T^′ and Ω^A is completely order reflecting on FiFam^I (A). ∎ Corollary P.29 asserts that, for any I-compatibility operator ∇^A, the condition ∇^A(T ) ≤ Ω^A(T^′) implies T ≤ T^′, for all T, T^′ ∈ FiFam^I (A), is equivalent to the condition that all I-filter families on A are ∇^A-filter families. Combining Lemma 29, with Corollary P.29, applied to the case of the Suszko operator, we get the following Proposition 30 The Leibniz operator Ω^A is completely order reflecting on FiFam^I (A) iff every I-filter family T of A is a Suszko filter family.

Corollary P.29, applied to the case of the Leibniz operator, also gives Proposition 31 The Leibniz operator Ω^A is order reflecting on FiFam^I (A) iff every I-filter family T of A is a Leibniz filter family.

We are now ready to provide the promised characterization of truthequational π-institutions, an analog of Theorem 6.10 of [1]: Theorem 32 For a π-institution I, the following are equivalent:

(i) I is truth-equational.

(ii) For all A, every I-filter family on A is a Suszko filter family.

(iii) For all A ∈ AlgSys(I), every I-filter family on A is a Suszko filter family.

Proof:

(i)⇒(ii) A consequence of Proposition 30, taking into account Definition 5.

(ii)⇒(iii) Obvious.

(iii)⇒(i) Let A be an N-algebraic system, T ∈ FiFam^I (A) and consider the projection morphism ⟨I, π⟩ ∶= ⟨I_{Sign}′ , π^{̃ΩA,I (T )}⟩ ∶ A → A/̃Ω^{A,I} (T ). By Lemma 1, π(T ) ∈ FiFam^I (A/̃Ω^{A,I} (T )). On the quotient, define T^′ = ⋂ FiFam^I (A/̃Ω^{A,I} (T )). Since T^′ ≤ π(T ), by monotonicity of ̃Ω^{A,I} and Lemma P.45,

̃Ω^{A/̃ΩA,I (T ),I} (T^′) ≤ ̃Ω^{A/̃ΩA,I (T ),I} (π(T )) = Δ^{SEN′/̃ΩA,I (T )}.

Thus, ̃Ω^{A/̃ΩA,I (T ),I} (T^′) = ̃Ω^{A/̃ΩA,I (T ),I} (π(T )). By hypothesis, T^′ and π(T ) are Suszko filter families on A/̃Ω^{A,I}(T ), since A/̃Ω^{A,I} (T ) ∈ AlgSys^{̃ΩI} (I) = AlgSys(I). By Proposition P.23, the Suszko operator is injective on Suszko filter families, whence

T /̃Ω^{A,I} (T ) = T^′ = ⋂ FiFam^I (A/̃Ω^{A,I} (T )).

By Proposition 19, T is a Suszko filter family. By Proposition 30 and Definition 5, I is truth equational. ∎ The following results assert that, under truth equationality, the converse implications of those in Corollary 26 hold:

Proposition 33 If I is truth-equational and AlgSys^∗(I) = AlgSys(I), then I is protoalgebraic.

Proof: By Proposition 24, every full class of I-filter families is of the form �T^′�^{ΩA} , for some A and some T^′ ∈ FiFam^I (A). Thus, so are Suszko classes. If A is an arbitrary N-algebraic system and T ∈ FiFam^I (A), then �T �^{̃ΩA,I} = �T^′�^{ΩA} , for some T^′ ∈ FiFam^I (A). Hence T^{̃ΩA,I} = T^{′ΩA} . By Theorem 32, every filter family is Suszko and, in general, every Suszko filter family is Leibniz, whence T = T^{̃ΩA,I} = T^{′ΩA} = T^′. Now we conclude that �T �^{̃ΩA,I} = �T �^{ΩA} , whence, by Proposition 28, I is protoalgebraic. ∎

Corollary 34 A π-institution I is weakly algebraizable iff it is truth equational and AlgSys^∗(I) = AlgSys(I).

Proof:If I is weakly algebraizable, by Definition 5, it is protoalgebraic and truth-equational. Thus, by Corollary 26, it is truth equational and AlgSys^∗(I) = AlgSys(I). The converse follows by Proposition 33. ∎

Finally, for a characterization of truth equationality in terms of the form of full I-gmatrix systems, that parallels the characterization of protoalgebraicity proven in Theorem 27, we obtain the following analog of Theorem 6.13 of [1]:

Theorem 35 For a π-institution I the following are equivalent:

(i) I is truth equational.

(ii) ⟨A, (FiFam^I (A))^T ⟩ is a full I-gmatrix system, for all A and all T ∈ FiFam^I (A).

(iii) �T �^{̃ΩA,I} = (FiFam^I (A))^T , for all A and all T ∈ FiFam^I (A).

Proof: The equivalences follow from Theorem 32 through the application of the characterizations of Suszko filter families obtained in Lemma 17 and Theorem 18. ∎

Finally, by Theorems 27 and 35, we get the following characterization of weakly algebraizable π-institutions in terms of the form of their full classes of filter families.

Corollary 36 A π-institution I is weakly algebraizable iff the full classes of I-filter families are exactly the ones of the form �T �^{̃ΩA,I} = (FiFam^I (A))^T , for all N-algebraic systems A and all T ∈ FiFam^I (A).

In terms of the Suszko property, we obtain the following characterization of weakly algebraizable π-institutions:

Proposition 37 A π-institution I is weakly algebraizable iff all full classes of I-filter families are Suszko classes and all I-filter families are Suszko filter families.

Proof: Suppose I is weakly algebraizable. Then, it is protoalgebraic. By Theorem 27, every full class of I-filter families is of the form (FiFam^I (A))^T , for some T ∈ FiFam^I (A). On the other hand, I is also truth equational.

Thus, by Theorem 35, (FiFam^I (A))^T = �T �^{̃ΩA,I} , whence every full class is a Suszko class. Finally, by Theorem 32, every filter family is a Suszko filter family.

Suppose, conversely, that all full classes of I-filter families are Suszko classes and all I-filter families are Suszko filter families. By the second property and Theorem 32, I is truth equational. By Theorem 35, every Suszko class has the form (FiFam^I (A))^T , for some T ∈ FiFam^I (A). Thus, every full class of I-filter families has the form (FiFam^I (A))^T , for some T ∈ FiFam^I (A). By Theorem 27, S is protoalgebraic, whence I is weakly algebraizable. ∎

Yet another characterization of truth equationality involves the class of filter families on quotient algebraic systems by the Suszko congruence system of a filter family:

Corollary 38 A π-institution I is truth equational iff

FiFam^I (A/̃Ω^{A,I} (T )) = (FiFam^I (A))^T /̃Ω^{A,I} (T ),

for all A and all T ∈ FiFam^I (A).

Proof: Let A be an N-algebraic system and T ∈ FiFam^I (A). Consider ⟨I, π⟩ ∶= ⟨I_{Sign}′ , π^{̃ΩA,I (T )}⟩ ∶ A → A/̃Ω^{A,I} (T ). By Proposition P.14 and the definition of the Suszko class, π^{−1}(FiFam^I (A/̃Ω^{A,I} (T ))) = Ω^{A−1} (̃Ω^{A,I} (T )) = �T �^{̃ΩA,I} . Now, under truth equationality, we get

FiFam^I (A/̃Ω^{A,I} (T )) = π((FiFam^I (A))^T ) (Theorem 35 and surjectivity) = (FiFam^I (A))^T /̃Ω^{A,I} (T ).

If, conversely, FiFam^I (A/̃Ω^{A,I} (T )) = π((FiFam^I (A))^T ), then, again by Proposition P.14, we have π(�T �^{̃ΩA,I} ) = π((FiFam^I (A))^T ). Since ̃Ω^{A,I} (T ) is compatible with all filter families in �T �^{̃ΩA,I} and (FiFam^I (A))^T ⊆ �T �^{̃ΩA,I} , it follows that �T �^{̃ΩA,I} = (FiFam^I (A))^T . Then, by Theorem 35, I is truth equational. ∎

The following theorem is an abstraction of a well-known result of Blok and Pigozzi [2] (see, also Theorem 2.7 of [16] and Theorem 1.1.8 of [8]). It has been abstracted in the CAAL context in [28]. We revisit it here, equipped with the more general tools developed in [31], taking after [1].

Theorem 39 (Protoalgebraic Correspondence Thm) A π-institution I is protoalgebraic iff every strict surjective N-matrix system morphism ⟨H, γ⟩ ∶ ⟨A, T ⟩ → ⟨B, T^′⟩ between I-matrix systems, with H an isomorphism, induces an order isomorphism between the posets (FiFam^I (A))^T and (FiFam^I (B))^{T ′} , whose inverse is γ^{−1}.

Proof: First, suppose that I is protoalgebraic. By strictness, T = γ^{−1}(T^′), whence, by surjectivity of ⟨H, γ⟩, T^′ = γ(γ^{−1}(T^′)) = γ(T ). Thus, T = γ^{−1}(γ(T )) and, therefore, ⟨H, γ⟩ is compatible with T . By Theorem 14, ⟨H, γ⟩ induces an order isomorphism between �T �^{ΩA} and �T^′�^{ΩB} , whose inverse is γ^{−1}. Taking into account protoalgebraicity and Lemma 17, the upsets (FiFam^I (A))^T and (FiFam^I (B))^{T ′} are contained in these two posets, respectively, and T , T^′ are corresponding filter families, whence the order isomorphism restricts to one between (FiFam^I (A))^T and (FiFam^I (B))^{T ′} .

For the converse, we follow the proof of (v)⇒(i) of Theorem 1.1.8 of [8]. Let A be an N-algebraic system and T, T^′ ∈ FiFam^I (A), such that T ≤ T^′. Then for ⟨I, π⟩ ∶= ⟨I_{Sign}′ , π^{ΩA (T )}⟩ ∶ A → A/Ω^A(T ), we get that ⟨I, π⟩ ∶ ⟨A, T ⟩ → ⟨A/Ω^A(T ), T /Ω^A(T )⟩ is a strict surjective N-morphism between two I-matrix systems, with I an isomorphism. By hypothesis, since T^′ ∈ (FiFam^I (A))^T , we get that π(T^′) ∈ (FiFam^I (A/Ω^A(T )))^{T /ΩA (T )}. Therefore, π^{−1}(π(T^′)) ∈ (FiFam^I (A))^T . By the surjectivity of π, π(T^′) = π(π^{−1}(π(T^′))) and, by the injectivity of π, T^′ = π^{−1}(π(T^′)), whence Ω^A(T ) is compatible with T^′ and, hence Ω^A(T ) ≤ Ω^A(T^′), showing that I is protoalgebraic. ∎

By altering the classes of matrix system morphisms and the filter families, we can also obtain a similar correspondence theorem for truth equational π-institutions. We first establish a property of strict surjective matrix system morphisms implied by truth equationality.

Theorem 40 If a π-institution I is truth-equational, then every strict surjective N-matrix system morphism ⟨H, γ⟩ ∶ ⟨A, T ⟩ → ⟨B, T^′⟩ between Imatrix systems, with H an isomorphism, which is ̃Ω^{A,I} -compatible with T , induces an order isomorphism between (FiFam^I (A))^T and (FiFam^I (B))^{T ′} , whose inverse is γ^{−1}.

Proof: If I is truth equational, and ⟨H, γ⟩ ∶ ⟨A, T ⟩ → ⟨B, T^′⟩ is strict and surjective, with H is an isomorphism, which is ̃Ω^{A,I} -compatible with T , then T^′ = γ(T ) and, by Theorem 21, ⟨H, γ⟩ induces an order isomorphism between �T �^{̃ΩA,I} and �T^′�^{̃ΩB,I} , whose inverse is γ^{−1}. By Theorem 32, every filter family is Suszko, whence �T �^{̃ΩA,I} = (FiFam^I (A))^T and �T^′�^{̃ΩB,I} = (FiFam^I (B))^{T ′} , whence the conclusion follows. ∎

Theorem 41 (Truth-Equational Correspondence Theorem) The πinstitution I is truth-equational iff every strict surjective N-matrix system morphism ⟨H, γ⟩ ∶ ⟨A, T ⟩ → ⟨B, T^′⟩ between I-matrix systems, with H an isomorphism, that is ̃Ω^{A,I} -compatible with T , induces an order isomorphism between (FiFam^I (A))^T and (FiFam^I (B))^{T ′̃ΩB,I} , whose inverse is γ^{−1}.

Proof: Suppose, first, that I is truth equational. By Theorem 32, every filter family T^′ is Suszko, whence T^{′̃ΩB,I} = T^′. Therefore, the postulated property coincides with the one proved in Theorem 40.

For the converse, assuming the postulated property, it is enough to show, by Theorem 32, that every filter family is Suszko. Let T ∈ FiFam^I (A) and B = A/̃Ω^{A,I}(T ). Let ⟨I, π⟩ = ⟨I_{Sign}′ , π^{̃ΩA,I (T )}⟩ ∶ A → B be the corresponding projection N-morphism. ⟨I, π⟩ is a strict and surjective N-matrix system morphism from ⟨A, T ⟩ to ⟨B, T /̃Ω^{A,I} (T )⟩ and clearly ̃Ω^{A,I} (T )-compatible with T . By hypothesis, we get an order isomorphism between the posets (FiFam^I (A))^T and (FiFam^I (B))^{π(T )̃ΩB,I} , with inverse π^{−1}. The Suszko operator is a weakly coherent family of I-compatibility operators, whence, by Lemma P.33, ̃Ω^{B,I} (π(T )) = π(̃Ω^{A,I} (T )) = Δ^{SEN′} . Thus, �π(T )�^{̃ΩB,I} = FiFam^I (B), whence π(T )^{̃ΩB,I} = ⋂ FiFam^I (B) and (FiFam^I (B))^{π(T )̃ΩB,I} = FiFam^I (B). Applying Theorem 21 to ⟨I, π⟩, we get an order isomorphism from �T �^{̃ΩA,I} and �π(T )�^{̃ΩB,I} = FiFam^I (B), with inverse π^{−1}. Therefore, necessarily, �T �^{̃ΩA,I} = (FiFam^I (A))^T , which shows, by Theorem 18, that T is a Suszko filter family. ∎

Dropping the requirement of compatibility results in a characterization of weakly algebraizable π-institutions:

Theorem 42 A π-institution I is weakly algebraizable iff every strict surjective N-matrix system morphism ⟨H, γ⟩ ∶ ⟨A, T ⟩ → ⟨B, T^′⟩ between Imatrix systems, with H an isomorphism, induces an order isomorphism between (FiFam^I (A))^T and (FiFam^I (B))^{T ′̃ΩB,I} , whose inverse is γ^{−1}.

Proof: If I is weakly algebraizable, then, it is protoalgebraic. By Theorem 39, we have an order isomorphism from (FiFam^I (A))^T to (FiFam^I (B))^{T ′} . Since I is truth equational, by Theorem 32, every filter family is Suszko, whence T^{′̃ΩB,I} = T^′, yielding the required isomorphism.

Conversely, assume that the property of the statement holds. Thus, it holds also, in particular, for all ⟨H, γ⟩, with H an isomorphism, that are ̃Ω^{A,I} -compatible with T . By Theorem 40, I is truth equational. This implies, again by Theorem 32, that all filter families are Suszko, whence T^{′̃ΩB,I} = T^′ and the hypothesis establishes an order isomorphism between (FiFam^I (A))^T and (FiFam^I (B))^{T ′} , whose inverse is γ^{−1}. By Theorem 39, I is protoalgebraic and, therefore, weakly algebraizable. ∎

Finally, we focus on characterizing the classes of the categorical abstract algebraic hierarchy using the Leibniz operator. The range of the Leibniz operator Ω^A is the class ConSys_{AlgSys}∗_{(I)}(A). By Proposition P.23, the Leibniz operator is order reflecting and, hence, also injective, on the collection of Leibniz filter families of A. If I is protoalgebraic, then we obtain monotonicity on FiFam^I (A), which is inherited by the collection of Leibniz filters:

Proposition 43 If I is protoalgebraic, then, for all A, Ω^A ∶ FiFam^{ΩA} (A) → ConSys_{AlgSys}∗_{(I)}(A) is an order isomorphism.

To work with Suszko filter families instead of Leibniz filter families, we prove the following lemmas, showing that, if the preceding isomorphism holds, then the classes AlgSys(I) and AlgSys^∗(I) are identical.

Lemma 44 If Ω^A ∶ FiFam^{ΩA} (A) → ConSys_{AlgSys}∗_{(I)}(A) is an order isomorphism, for all A, then AlgSys(I) = AlgSys^∗(I).

Proof: Suppose A ∈ AlgSys(I). Consider T^0 = ⋂ FiFam^I (A) ∈ FiFam^I (A). Since it is the smallest Leibniz filter family on A, by hypothesis, Ω^A(T^0) ≤ Ω^A(T ), for all T ∈ FiFam^{ΩA} (A). Thus, �T �^{ΩA} ⊆ �T^0�^{ΩA} , for all T ∈ FiFam^{ΩA} (A). Let T^′ ∈ FiFam^I (A). Since Ω^A(T^′) ∈ ConSys_{AlgSys}∗_{(I)}(A), there exists, by hypothesis, T ∈ FiFam^{ΩA} (A), such that Ω^A(T^′) = Ω^A(T ). Thus, T^′ ∈ �T^′�^{ΩA} = �T �^{ΩA} ⊆ �T^0�^{ΩA} , showing that �T^0�^{ΩA} = FiFam^I (A). By Proposition 23, A/̃Ω^A(FiFam^I (A)) ∈ AlgSys^∗(I). The assumption that A ∈ AlgSys(I) implies that ̃Ω(FiFam^I (A)) = Δ^{SEN′} and this, in turn, yields A ≅ A/̃Ω^A(FiFam^I (A)). Therefore, A ∈ AlgSys^∗(I), showing that AlgSys(I) ⊆ AlgSys^∗(I). This is all that was needed since the reverse inclusion is universally true. ∎

Moreover, identity of the classes AlgSys(I) and AlgSys^∗(I) may also be drawn under the hypothesis that Ω^A ∶ FiFam^{̃ΩA,I} (A) → ConSys_{AlgSys}∗_{(I)}(A) is an order isomorphism.

Lemma 45 If Ω^A ∶ FiFam^{̃ΩA,I} (A) → ConSys_{AlgSys}∗_{(I)}(A) is an order isomorphism, for all A, then AlgSys(I) = AlgSys^∗(I).

Proof:Follow the same steps as in the proof of Lemma 44, taking into account that T^0 = ⋂ FiFam^I (A) ∈ FiFam^{̃ΩA,I} (A). ∎ The following theorem abstracts to the categorical context Theorem 6.25 of [1], which itself generalizes preceding theorems applicable to classes of logics narrower than protoalgebraic, e.g., Theorem 4.8 of [10] (see, also, [18]).

Theorem 46 A π-institution I is protoalgebraic iff the Leibniz operator restricted to the Suszko filter families

Ω^A ∶ FiFam^{̃ΩA,I} (A) → ConSys_{AlgSys}∗_{(I)}(A)

is an order isomorphism, for all N-algebraic systems A.

Proof: The left-to-right implication follows from Proposition 43, since, by Proposition 28, for a protoalgebraic π-institution, the class of all Leibniz filter families and the class of all Suszko filter families are identical.

Suppose, conversely, that Ω^A ∶ FiFam^{̃ΩA,I} (A) → ConSys_{AlgSys}∗_{(I)}(A) is an order isomorphism, for all N-algebraic systems A. We prove ̃Ω^{A,I} (T ) = Ω^A(T^{̃ΩA,I} ) and, also, that Ω^A(T ) = Ω^A(T^{̃ΩA,I} ), for all A and all T ∈ FiFam^I (A). These equalities show that the Leibniz and Suszko operators coincide, which, by Proposition 25, characterizes protoalgebraicity.

• If T ∈ FiFam^I (A), ̃Ω^{A,I} (T ) ∈ ConSys_{AlgSys(I)}(A). By Lemma 45 and the surjectivity of Ω^A, there exists T^′ ∈ FiFam^{̃ΩA,I} (A), such that ̃Ω^{A,I} (T ) = Ω^A(T^′). Thus, �T �^{̃ΩA,I} = �T^′�^{ΩA} . Hence, since every Suszko filter family is Leibniz, T^{̃ΩA,I} = T^{′ΩA} = T^′. Now, we get ̃Ω^{A,I} (T ) = Ω^A(T^{̃ΩA,I} ), as claimed.

• Since Ω^A(T ) ∈ ConSys_{AlgSys}∗_{(I)}(A), by hypothesis, there exists T^′ ∈ FiFam^{̃ΩA,I} (A), such that Ω^A(T ) = Ω^A(T^′). Then �T �^{ΩA} = �T^′�^{ΩA} , whence, taking into account that all Suszko filter families are Leibniz, T^{ΩA} = T^{′ΩA} = T^′. Now we get Ω^A(T ) = Ω^A(T^{ΩA} ).

Since T^{ΩA} = T^′ is a Suszko filter family, we have (T^{ΩA} )^{̃ΩA,I} = T^{ΩA} .

– Since T^{ΩA} ≤ T , �T �^{̃ΩA,I} ⊆ �T^{ΩA} �^{̃ΩA,I} , whence (T^{ΩA} )^{̃ΩA,I} ≤ T^{̃ΩA,I} and, therefore, T^{ΩA} ≤ T^{̃ΩA,I} .

– By Lemma 17, the converse inclusion always holds.

We see that T^{ΩA} = T^{̃ΩA,I} , implying that Ω^A(T ) = Ω^A(T^{̃ΩA,I} ). ∎ One obtains now a characterization of equivalential π-institutions as well:

Corollary 47 A π-institution I is equivalential iff the Leibniz operator commutes with inverse N-morphisms and, restricted to the Suszko filter families, Ω^A ∶ FiFam^{̃ΩA,I} (A) → ConSys_{AlgSys}∗_{(I)}(A) is an order isomorphism, for all A.

If one adds to the hypotheses of Theorem 46 the condition that the Leibniz operator commute with inverse N-morphisms, then, by Corollary 47, we obtain a characterization of algebraizable π-institutions as those in which the Leibniz operator commutes with inverse N-morphisms and, for all A, Ω^A is an order isomorphism between FiFam^I (A) and ConSys_{AlgSys}∗_{(I)}(A). This is a categorical analog of Corollary 3.14 of [15].

Finally, we close this work with some results characterizing the various levels of the CAAL hierarchy by means of properties of the categorical Suszko operator. We start with truth equational and protoalgebraic π-institutions and conclude with an all-encompassing theorem that combines these two characterizations with the relevant definitions to extend them to the remaining classes of the hierarchy.

Theorem 48 For a π-institution I the following are equivalent:

(i) I is truth equational.

(ii) The Suszko operator ̃Ω^{A,I} is injective on FiFam^I (A), for all A.

(iii) ̃Ω^{A,I} is injective on FiFam^I (A), for all A ∈ AlgSys(I).

Proof:

(i)⇒(ii) By Proposition P.23, the Suszko operator is injective on the Suszko filter families. If I is truth equational, by Theorem 32, every filter family is Suszko, whence the Suszko operator is globally injective.

(ii)⇒(iii) (iii) is a special case of (ii).

(iii)⇒(i) Consider an A and T ∈ FiFam^I (A). Let T^′ ∈ ⋂ FiFam^I (A/̃Ω^{A,I} (T )).

We have A/̃Ω^{A,I}(T ) ∈ AlgSys^{Su}(I) = AlgSys(I). Lemma 1 yields

T /̃Ω^{A,I}(T ) ∈ FiFam^I (A/̃Ω^{A,I} (T )). Thus, T^′ ≤ T /̃Ω^{A,I}(T ), whence by order preservation and Lemma P.45,

̃Ω^{A/̃ΩA,I (T ),I} (T^′) ≤ ̃Ω^{A/̃ΩA,I (T ),I} (T /̃Ω^{A,I} (T )) = Δ^{SEN′/̃ΩA,I (T )}.

By the hypothesis, T /̃Ω^{A,I} (T ) = T^′ = ⋂ FiFam^I (A/̃Ω^{A,I} (T )). By Proposition 19, T is a Suszko filter family. Since every filter family is Suszko, by Theorem 32, I is truth equational. ∎

Proposition 49 The Suszko operator restricted to Suszko filter families ̃Ω^{A,I} ∶ FiFam^{̃ΩA,I} (A) → ConSys_{AlgSys(I)}(A) is an order embedding.

Proof: The Suszko operator ̃Ω^{A,I} is order-preserving on FiFam^I (A). In particular, also on FiFam^{̃ΩA,I} (A). By Proposition P.23, it is also order reflecting on FiFam^{̃ΩA,I} (A). Since it is into ConSys_{AlgSys}Su_{(I)}(A) and, by Lemma 4, AlgSys^{Su}(I) = AlgSys(I), we obtain the result. ∎ Requiring that ̃Ω^{A,I} ∶ FiFam^{̃ΩA,I} (A) → ConSys_{AlgSys(I)}(A) be surjective turns out to characterize protoalgebraicity of I. Moreover, it amounts to commutativity of the Suszko operator with inverse surjective N-morphisms. Theorem 50 For a π-institution I the following are equivalent:

(i) I is protoalgebraic.

(ii) ̃Ω^{A,I} commutes with inverse surjective N-morphisms.

(iii) ̃Ω^{A,I} restricted to the Suszko filter families ̃Ω^{A,I} ∶ FiFam^{̃ΩA,I} (A) → ConSys_{AlgSys(I)}(A) is surjective, for all A.

Proof:

(i)⇒(ii) By Proposition 25, if I is protoalgebraic, the Suszko and Leibniz operators coincide. Moreover, by Proposition 2, the Leibniz operator commutes with inverse surjective N-morphisms.

(ii)⇒(iii) Consider A and θ ∈ ConSys_{AlgSys(I)}(A). Since A/θ ∈ AlgSys(I), we obtain ̃Ω^{A/θ,I} (⋂ FiFam^I (A/θ)) = Δ^{SEN′/θ}. Let ⟨I, π⟩ ∶= ⟨I_{Sign}′ , π^θ⟩ ∶ A → A/θ be the projection N-morphism. Using the postulated commutativity,

̃Ω^{A,I} (⋂ π^{−1}(FiFam^I (A/θ))) = ̃Ω^{A,I} (π^{−1}(⋂ FiFam^I (A/θ))) = π^{−1}(̃Ω^{A/θ,I} (⋂ FiFam^I (A/θ))) = π^{−1}(Δ^{SEN′/θ}) = Ker(⟨I, π⟩) = θ.

We also have

π^{−1}(FiFam^I (A/θ)) = Ω^{A−1} (θ) (by Proposition P.14) = Ω^{A−1} (̃Ω^{A,I} (⋂ π^{−1}(FiFam^I (A/θ)))) (previous equality) = �⋂ π^{−1}(FiFam^I (A/θ))�^{̃ΩA,I} . (Suszko Class)

Therefore, ⋂ π^{−1}(FiFam^I (A/θ)) is a Suszko filter family, with Suszko congruence θ. Thus, ̃Ω^{A,I} is surjective when restricted to Suszko filter families.

(iii)⇒(i) By Theorem 27, it suffices to show that, for all A, every full I-gmatrix system is of the form (FiFam^I (A))^T , for some T ∈ FiFam^I (A). Let T be a full I-gmatrix system on some A. Then, by definition of AlgSys(I), ̃Ω^A(T ) ∈ ConSys_{AlgSys(I)}(A). By hypothesis, there exists a Suszko filter family T ∈ FiFam^{̃ΩA,I} (A), such that ̃Ω^A(T ) = ̃Ω^{A,I} (T ) = ̃Ω^A((FiFam^I (A))^T ). But, T is a Suszko filter family, whence, by Theorem 18, (FiFam^I (A))^T is full. Hence, by the Isomorphism Theorem, Corollary P.18, T = (FiFam^I (A))^T . ∎ The following analog of Theorem 6.30 of [1] provides characterizations of the classes of the CAAL hierarchy of π-institutions in terms of properties of the categorical Suszko operator.

Theorem 51 Let I be a π-institution.

(1) I is protoalgebraic iff the Suszko operator commutes with inverse surjective N-morphisms.

(2) I is equivalential iff the Suszko operator commutes with inverse Nmorphisms.

(3) I is truth equational iff the Suszko operator is globally injective.

(4) I is weakly algebraizable iff the Suszko operator is globally injective and commutes with inverse surjective N-morphisms.

(5) I is algebraizable iff the Suszko operator is globally injective and commutes with inverse N-morphisms.

Proof:

(1) By Theorem 50.

(2) Assume I is equivalential. By definition, I is protoalgebraic and the Leibniz operator commutes with inverse N-morphisms. Since, under protoalgebraicity, the Leibniz and the Suszko operators coincide, the Suszko operator commutes with inverse N-morphisms. Conversely, assume that the Suszko operator commutes with inverse N-morphisms. A fortiori, it commutes with inverse surjective Nmorphisms. By Part (1), I is protoalgebraic. Therefore, the Leibniz and Suszko operators coincide. By hypothesis, the Leibniz operator commutes with inverse N-morphisms. Hence I is equivalential.

(3) By Theorem 48.

(4) Since weak algebraizability is equivalent to protoalgebraicity and truth equationality, this follows from Parts (1) and (3).

(5) Similarly, since algebraizability is equivalent to equivalentiality and truth equationality, this follows from Parts (2) and (3). ∎ We finally conclude with an analog of Theorem 6.31 of [1], providing alternative characterizations in terms of order embeddings/isomorphisms defined by the Suszko operator on the collections of filter families on arbitrary N-algebraic systems of a given π-institution.

Theorem 52 Let I be a π-institution.

(1) I is protoalgebraic iff, for all A, ̃Ω^{A,I} restricts to an order isomorphism between FiFam^{̃ΩA,I} (A) and ConSys_{AlgSys(I)}(A).

(2) I is truth equational iff, for all A, ̃Ω^{A,I} is an order embedding of FiFam^I (A) into ConSys_{AlgSys(I)}(A).

(3) I is weakly algebraizable iff, for all A, ̃Ω^{A,I} is an order isomorphism between FiFam^I (A) and ConSys_{AlgSys(I)}(A).

(4) I is algebraizable iff the Suszko operator commutes with inverse Nmorphisms and, for all A, ̃Ω^{A,I} is an order isomorphism between FiFam^I (A) and ConSys_{AlgSys(I)}(A).

Proof:

(1) Suppose I is protoalgebraic. By Theorem 46, for all A, Ω^A is an order isomorphism from FiFam^{̃ΩA,I} (A) onto ConSys_{AlgSys}∗_{(I)}(A). Since, by protoalgebraicity, the Leibniz and Suszko operators coincide, we have AlgSys^∗(I) = AlgSys(I), whence the desired isomorphism follows.

If, conversely, ̃Ω^{A,I} is an order isomorphism from FiFam^{̃ΩA,I} (A) onto ConSys_{AlgSys(I)}(A), it must be surjective. Therefore, by Theorem 50, we get that I is protoalgebraic.

(2) By Proposition 49, ̃Ω^{A,I} is an order embedding from FiFam^{̃ΩA,I} (A) into ConSys_{AlgSys(I)}(A). By Proposition 32, truth equationality implies that FiFam^I (A) = FiFam^{̃ΩA,I} (A). Thus, ̃Ω^{A,I} is an order embedding from FiFam^I (A) into ConSys_{AlgSys(I)}(A).

If, conversely, ̃Ω^{A,I} is an order embedding, it is injective. Thus, by Theorem 48, I is truth equational.

(3) If I is weakly algebraizable, by Theorem 46 and Proposition 32, Ω^A is an isomorphism from FiFam^I (A) onto ConSys_{AlgSys}∗_{(I)}(A). Since I is also protoalgebraic, the coincidence of the Suszko and Leibniz operators implies that AlgSys^∗(I) = AlgSys(I), yielding the claimed isomorphism.

If, conversely, ̃Ω^{A,I} is an order isomorphism from FiFam^I (A) onto ConSys_{AlgSys(I)}(A), then it is injective on filter families, whence, by Theorem 48, I is truth equational. Since, by Proposition 32, every filter family is Suszko, ̃Ω^{A,I} is surjective when restricted to the collection FiFam^{̃ΩA,I} (A). Thus, by Theorem 50, I is also protoalgebraic. Therefore, I is weakly algebraizable.

(4) This follows from Part (3) and Theorem 51. ∎ Acknowledgements

The author is heavily indebted to many people for their pioneering work in this field, which has inspired and guided much of the present and preceding work. The obvious immediate scientific debt is to the recent work of Albuquerque, Font and Jansana [1].

This work is dedicated to Don Pigozzi in celebration of his 80th birthday. Don has generously offered guidance, support and encouragement for the best part of almost two decades of my work in the field, and has made the beginning, the end and everything in between possible. I am very grateful for and warmly appreciative of both our professional link and our personal connection.

References

[1] Albuquerque. H., Font, J.M., and Jansana, R., Compatibility Operators in Abstract Algebraic Logic, to appear

[2] Blok, W.J., and Pigozzi, D., Protoalgebraic Logics, Studia Logica, Vol.

45 (1986), pp. 337-369

[3] Blok, W.J., and Pigozzi, D.L., Local deduction theorems in algebraic logic, Colloquia Mathematica Societatis János Bolyai, Vol. 54 (1988), pp. 75-109

[4] Blok, W.J., and Pigozzi, D., Algebraizable Logics, Memoirs of the American Mathematical Society, Vol. 77, No. 396 (1989)

[5] Blok, W.J., and Pigozzi, D., Algebraic Semantics for Universal Horn Logic Without Equality, in Universal Algebra and Quasigroup Theory, A. Romanowska and J.D.H. Smith, Eds., Heldermann Verlag, Berlin 1992

[6] Czelakowski, J., Equivalential Logics I, Studia Logica, Vol. 40 (1981), pp. 227-236

[7] Czelakowski, J., Equivalential Logics II, Studia Logica, Vol. 40 (1981), pp. 355-372

[8] Czelakowski, J., Protoalgebraic Logics, Trends in Logic-Studia Logica Library 10, Kluwer, Dordrecht, 2001

[9] Czelakowski, J., The Suszko Operator Part I, Studia Logica, Vol. 74 (2003), pp. 181-231

[10] Czelakowski, J., and Jansana, R., Weakly Algebraizable Logics, Journal of Symbolic Logic, Vol. 64 (2000), pp. 641-668

[11] Font, J.M., and Jansana, R., A General Algebraic Semantics for Sentential Logics, Lecture Notes in Logic, Vol. 332, No. 7 (1996), Springer- Verlag, Berlin Heidelberg, 1996

[12] Font, J.M., and Jansana, R., Leibniz Filters and the Strong Version of a Protoalgebraic Logic, Archive for Mathematical Logic, Vol. 40 (2001), pp. 437-465

[13] Font, J.M., and Jansana, R., Leibniz-linked Pairs of Deductive Systems, Studia Logica, Vol. 99, No. 1-3 (2011), pp. 171-20

[14] Font, J.M., Jansana, R., and Pigozzi, D., A Survey of Abstract Algebraic Logic, Studia Logica, Vol. 74, No. 1/2 (2003), pp. 13-97

[15] Font, J.M., Jansana, R., and Pigozzi, D., On the Closure Properties of the Class of Full G-models of a Deductive System, Studia Logica, Vol. 83 (2006), pp. 215-278

[16] Herrmann, B., Equivalential Logics and Definability of Truth, Ph.D.

Dissertation, Freie Universität Berlin, Berlin 1993

[17] Herrmann, B., Equivalential and Algebraizable Logics, Studia Logica, Vol. 57 (1996), pp. 419-436

[18] Herrmann, B., Characterizing Equivalential and Algebraizable Logics by the Leibniz Operator, Studia Logica, Vol. 58 (1997), pp. 305-323

[19] Jansana, R., Leibniz Filters Revisited, Studia Logica, Vol. 75 (2003), pp. 305-317

[20] Raftery, J.G., The Equational Definability of Truth Predicates, Reports on Mathematical Logic, Vol. 41 (2006), pp. 95-149

[21] Voutsadakis, G., Categorical Abstract Algebraic Logic: Algebraizable Institutions, Applied Categorical Structures, Vol. 10, No. 6 (2002), pp. 531-568

[22] Voutsadakis, G., Categorical Abstract Algebraic Logic: Tarski Congruence Systems, Logical Morphisms and Logical Quotients, Preprint available at http://www.voutsadakis.com/RESEARCH/papers.html

[23] Voutsadakis, G., Categorical Abstract Algebraic Logic: Models of πinstitutions, Notre Dame Journal of Formal Logic, Vol. 46, No. 4 (2005), pp. 439-460

[24] Voutsadakis, G., Categorical Abstract Algebraic Logic: (I, N)-Algebraic Systems, Applied Categorical Structures, Vol. 13, No. 3 (2005), pp. 265- 280

[25] Voutsadakis, G., Categorical Abstract Algebraic Logic: Prealgebraicity and Protoalgebraicity, Studia Logica, Vol. 85, No. 2 (2007), pp. 217-251

[26] Voutsadakis, G., Categorical Abstract Algebraic Logic: The Categorical Suszko Operator, Mathematical Logic Quarterly, Vol. 53, No. 6 (2007), pp. 616-635

[27] Voutsadakis, G., Categorical Abstract Algebraic Logic: Equivalential π- Institutions, Australasian Journal of Logic, Vol. 6 (2008), 24pp

[28] Voutsadakis, G., Categorical Abstract Algebraic Logic: Structurality, Protoalgebraicity and Correspondence, Mathematical Logic Quarterly, Vol. 55, No. 1 (2009), pp. 51-67

[29] Voutsadakis, G., Categorical Abstract Algebraic Logic: Truth Equational π-Institutions, Notre Dame Journal of Formal Logic, Vol. 56, No. 2 (2015), pp 351-378

[30] Voutsadakis, G., Categorical Abstract Algebraic Logic: Weakly Algebraizable π-Institutions, Preprint available at

http://www.voutsadakis.com/RESEARCH/papers.html

[31] Voutsadakis, G., Categorical Abstract Algebraic Logic: Compatibility Operators and Correspondence Theorems, Preprint available at

http://www.voutsadakis.com/RESEARCH/papers.html