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Abstract

Many semantic web applications require support for knowledge rep-
resentation and inference over a federation of multiple autonomously
developed ontology modules allowing selective partial reuse of knowl-
edge, based on a well-coordinated context-sensitive semantics. Fed-
erated ALCZK or F-ALCZK is a modular description logic, each of
whose modules is roughly an ALCZK ontology (ALC with inverse roles
and with an epistemic operator). F-ALCZK supports importing of
both concepts and roles across modules and contextualized interpre-
tation of all logical connectives. Moreover, it allows non-monotonic
reasoning, formalization of procedural rules as well as various forms
of sophisticated query formulation, as does its single-module counter-
part ALCZK. To show that this contextualized epistemic federated
description logic is decidable and to evaluate the complexity of the
corresponding satisfiability problem, a sound and complete reduction
to the description logic ALCZK, modeled after a corresponding reduc-
tion from F-ALCZ to ALCZ, is provided.

1 Introduction

This paper belongs to the tradition of exploring various description logics as
the foundation for implementing ontology languages to represent ontologies
in the semantic web.

Whereas the actual world-wide web deals mostly with information that
is geared towards human understanding and consumption, the vast amounts
of information that have recently been accumulating in the web require that



they be amenable to processing by machines. The effort to usher this new
era of machine interpretable and machine interoperable resources and ser-
vices in the web has led to the paradigm of the semantic web [6]. In the
semantic web, information is organized in the form of ontologies and, most
often, ontologies are constructed using ontology languages, such as OIL and
OWL [15]. Almost all ontology languages have as their theoretical foun-
dation Description Logics (DLs) [9, 10], a family of logic-based knowledge
representation languages, that are decidable fragments of first-order logic or
decidable extensions of those fragments with various added constructs [1].

Non-monotonic reasoning and procedural rules, which were among many
of the desired features of frame-based-systems, cannot be directly expressed
in fragments of first-order logic. To accommodate these features in DLs,
Donini et al. introduced in [12] an epistemic operator on top of the DL
ALC (see [22]). This operator effectively extends ALC to a fragment of
first-order non-monotonic modal logic. It achieves the goal of formalizing
procedural rules and, in addition, enables more sophisticated forms of query
formulation. Among these are various forms of closed-world reasoning. The
knowledge operator in [12] is interpreted as in [20, 17]. This enables the
queries to refer both to aspects of the external world, as represented by the
knowledge base, and to aspects of what the knowledge base knows about
the external world.

Ontologies that refer to one big domain of discourse are ordinarily de-
veloped by autonomous independent groups with specialized knowledge of
several different, but partially overlapping, subdomains of the entire do-
main. In each of these independent and autonomously developed modules,
the terminology and information is context specific and context sensitive.
Moreover, coordination is needed so that concepts and terms may be par-
tially reused by various developers working in interrelated contexts, without
having to be explicitly redefined or rewritten. These requirements point
to the necessity of introducing into terminological languages two additional
features that are not present in basic DLs. One is modularity, i.e., the abil-
ity to develop independently autonomous but interrelated modules, whose
concepts can be easily reused, and the other is contextualization, i.e., the
property that a statement or a query takes a special meaning depending on
the context in which it appears or is posed, respectively. Various modu-
lar description logics have appeared in the literature to deal with the first
requirement. Among the best known are Distributed Description Logics
(DDL) [7], &-Connections [13, 16] and Package-Based Description Logics
(P-DLs) [5]. As far as context-sensitivity is concerned, it was recognized
early in artificial intelligence by McCarthy and his collaborators (see, e.g.,



[18, 11]). Significant effort has been subsequently invested in contextualiz-
ing ontologies (in the non modular setting) [8, 14]. The recently introduced
federated description logic F-ALCT [23, 24] addresses both the need for mod-
ular development of ontologies and the need for contextualization. In fact,
it has been the first attempt to contextualize all logical connectives and not
just logical negation, as had been the case in previously introduced modular
DLs.

In the present work, an attempt is made to combine all three desirable
features that were mentioned above, namely,

e expressibility of non-monotonic aspects of reasoning and of procedural
rules by incorporating epistemic knowledge operators into the lan-

guage,

e modularity to allow independent autonomous development of coordi-
nated ontology modules and reuse of knowledge across modules and

e contextualization of both the logical connectives and the epistemic
concepts and roles,

in a single modular ontology language. This effort builds on previous work
on the fully contextualized federated language F-ALCZ [23], which does not
contain epistemic operators. The resulting language F-ALCZK is, to the
best of our knowledge, the first language that combines modularity, con-
textualization and epistemic operators. When only one module is present,
F-ALCZK reduces to the ordinary DL ALCZK, which is an extension with
inverse roles of the language ALCIKC, that was studied in detail in [12]. We
introduce a reduction of a given F-ALCZK knowledge base to an ordinary
ALCZK ontology, which can be performed in polynomial time in the size
of the ontology. This reduction is shown to be sound and complete, in
the sense that the federated ontology is consistent from a specific module’s
point of view if the corresponding top concept is satisfiable in the reduced
uni-module ontology and vice-versa. Soundness and completeness, together
with known decidability and complexity results for ALCZK [12] allow us to
obtain corresponding results for F-ALCZ. More precisely, it is shown that
the consistency problem for a F-ALCZK knowledge base is decidable and
that it is ExpPTIME-complete.

The paper is organized as follows: In Section 2 we present the syntax
and the semantics of the fully contextualized, federated epistemic language
F-ALCZK. The main features are illustrated using some examples. In Sec-
tion 3, we present a reduction from the federated language F-ALCZK to



its single module counterpart ALCZK. Tt serves to demonstrate the decid-
ability of the consistency problem for F-ALCZIC, based on the decidability
of the corresponding problem in ALCZK. An example serves to illustrate
the reduction. Section 4 contains the main results concerning the soundness
and completeness of the reduction. At the end of the section, some conse-
quences of these results are also explored. Finally, in the Summary section,
we review the main contributions of the paper.

2 The Federated Languages F-ALCZ and F-ALCZK

In this work, we use the prefix “F-”, standing for Federated, to denote a
contextualized federated language, limited to acyclic importing of concepts,
roles and contextualized logical connectives (see [23]). Moreover, following
[12], we append at the end the letter K to denote inclusion of an epistemic
operator (or many epistemic operators) in the language.

We present the syntax and the semantics of the language F-ALCZK,
which extends the language F-ALCZ, that was introduced in [23] (see also
[24]) and for which a tableau-based algorithm was presented in [25], with the
addition of epistemic operators. One operator K; is added for each module
i and the intended extension of an epistemic concept K;C' in module i is
supposed to be the set of all individuals in the i-th domain that are in
the extension of C' in all models of the distributed knowledge base under
consideration. The framework assumes a fixed domain semantics, i.e., that
the domains of all modules are fixed in all local interpretations, and a fixed
image domain relation semantics, i.e., that the image domain relations across
the various modules are also fixed in all federated interpretations under
consideration.

2.1 The Syntax

Suppose a directed acyclic graph G = (V, E), with V' = {1,2,... ,n}, is
given. The intuition is that its n nodes correspond to local modules of
a modular ontology and its edges correspond to the importing relations
between these modules. For technical reasons, we add a loop on each vertex
of G.

For every node ¢ € V, the signature of the i-language always includes
a set C; of i-concept names and a set R; of i-role names. We assume
that all sets of names are pairwise disjoint. Out of these, a set of i-concept
expressions C; of F-ALCT and C; of F-ALCIK and a set of i-role expressions
R; of F-ALCT and R; of F-ALCZK are built.



Recall that the description logic ALCZ allows concept expressions that
are constructed recursively from its signature symbols, i.e., its role and con-
cept names, using negation, conjunction, disjunction, value and existential
restriction and inverses of role names. Its formulas are subsumptions be-
tween concept expressions.

The syntax of the description logic F-ALCZ and that of F-ALCZK are
defined as follows:

Definition 1 (Roles and Concepts) The set of i-roles or i-role expres-
sions R; of F-ALCIK consists of expressions of the form

R, K;R, where R€ R;UR;,(j,i) € E,

where R; = {R™ : R € R;}. The set of i-roles or i-role expressions

ﬁi of F-ALCZ consists of those i-role expressions in R; that do not use the
epistemic operators K;, (j,i) € E.

The set of i-concepts or i-concept expressions C: of F-FALCIK is
defined recursively as follows:

A€, T;,1;,-;C,CM,;D,CU; D,3;R.C,¥,;R.C,K;C, (1)

where (j,1) € E, C, D GCNZ-ﬁ(:"Vj and R € ﬁiﬁﬁj.

The set of i-concepts or i-concept expressions Ci of F-ALCT consists
of those i-concept expressions in C: that do not use the epistemic operators
K;, (j,i) € E (either in front of role expressions or in front of concept
expressions).

Using the concepts and roles of F-ALCZ or F-ALCTK, we define their
formulas, as follows:

Definition 2 (Formulas) The i-formulas of F-ALCT are expressions of
the form C'C D, with C, D € C;, for all i € V. Similarly, the i-formulas of
F-ALCIK are expressions of the form C T D, with C,D € C;, for alli € V.

An F-ALCI-TBox (F-ALCIK-TBox) or, simply, TBox, when the rel-
evant language is clear from context, is a collection T' = {T;};cy, where
T; is a finite set of i-formulas of F-ALCZ (F-ALCZK, respectively) for all
i € V, called the i-TBox. Since, in this paper, we do not consider RBoxes
or ABoxes, the terms TBox, ontology and knowledge base (KB) will be used
interchangeably.



We use, for every i € V, the notation R; and C; to denote the set of -
roles and of i-concepts, respectively, that occur in T;. These could be in R;
and (?Z-, respectively, or R; and C;, respectively, depending on the language
used in 7. C; is a finite subset of C; or C;, for every i € V, and, similarly
for roles. A role name in R; N R; or a concept name in C;in C; is said to be
imported from module j to module i.

Example 1 (Syntax): Consider a federated knowledge base with two mod-
ules 77 and T, over the directed graph consisting of two nodes 1 and 2
and a directed edge from 1 to 2. Let Faculty, Course be l-concept names
and Student a 2-concept name and, also, teaches be a 1-role name and
enrolled a 2-role name. Assume that module T} consists of the formulas

T1 L Facultyl); Course
Faculty [l Course LC |
Jiteaches.Course L Faculty
The first two formulas express the fact that the extensions of the 1-concept
names are disjoint and cover the domain of discourse of the first module. The
last formula expresses the fact that every individual of the local domain that
teaches a course must be a faculty. Moreover, let T5 consist of the formulas

To LE Facultyly Course Ll Student
Faculty[lly Course LC |
Faculty[lly Student L L
Courselly Student C L
Jdoenrolled.Student [C Course

Again, the first four formulas assert that the extensions of all concept names,
as witnessed by the second module, are pairwise disjoint and cover the do-
main of discourse of the second module. The last formula, on the other
hand, expresses the fact that every individual in the domain that has en-
rolled a student must be a course. Among the several questions that can be
posed against this knowledge base, are

(i) the one concerning the satisfiability of the concept expression
Jiteaches.Course N} /1K Faculty
as witnessed by module 7T} and
(ii) the one concerning the satisfiability of
Joteaches.dsenrolled.Student My —9Faculty

as witnessed by T5.



2.2 The Semantics

In this subsection, we present the semantics for the language F-ALCZK. To
do this, we need to revisit the semantics of F-ALCZ.

Definition 3 (F-ALCZ Interpretation) An F-ALCZ interpretation

T = {Zi}tiev, {rij} i j)er)

consists of a family I; = (A,-'),i € V, of local interpretations, together
with a family of image domain relations r;; C A’ x AJ, (i, ) € E, such
that ry; = id i, for alli € V.

Notation: For a binary relation » C A’ x A7, X C A’ and S C A" x A,
we set '
r(X):={y e A: 3z e X)((z,y) € )},
r(S) = {(z,w) € A x AT+ (3(z,y) € S)((x,2), (y,w) € 1)}

A local interpretation function -* interprets i-role names and i-concept

names, as well as |; and T, as follows:
o C'C AY forall C €,
e RIEC A" x Al for all R € R;,
o TI=A" 1I=0.

The interpretations of imported role names and imported concept names
are computed by the following rules:

o Ci=r;(C), forall C €CjNC;,
o Ri=r;(RY), forall R € Rj N Ry,
° T; = r;i(AY), J.; = 0.
The recursive features of the local interpretation function - are as follows:
e R-"=R" forall R € R;, where R\~ = {(y,2) : (z,y) € R’}
o (—;0) =rj(AINCY)
o (CT; D) =r;;(CY N DI)
o (CU; D) =r;(CY UDI)



e (J,R.C) =r;i({x € AV: (3y)((z,y) € R and y € C7)})
o (V,R.O) =r;i({x € AT : (Vy)((z,y) € R implies y € C7)})

In case more than one interpretations are under consideration, the super-
script ¢ will be augmented to % to make explicit the interpretation that is
referred to in a specific context.

Definition 4 (F-ALCZK Interpretation) An F-ALCIK interpretation
is a pair (L, W), where T is a F-ALCT interpretation and W is a set of F-
ALCT interpretations, such that, for every J € W and every i,j € V,

o AT = A% and

o rf =1L, if(i,j) € E.
i.e., local domains corresponding to the same module across all interpreta-
tions in W are assumed to be fired and the same holds for the image domain
relations. We define A" := AJi i € V, and r;j == rl-zj, (i,j) € E. Because
of the two assumptions displayed above, these definitions are not ambiguous.

The pair (Z,WV) gives rise to a local interpretation function LW that
interprets i-role names and i-concept names, as well as 1 ; and T, as follows:

o CTW =T C Al for all C € G,
o RLW = RL C A" x A?, for all R € R;,
° TZ.L"W =AY _I_Z-L"W = 0.

The interpretations of imported role names and imported concept names
are computed by the following rules:

o OTW = iy (CTW), for all C € C; NG,
o RTW — i (RLW), for all R € R; NR,
° TI-i’W = Tji(Aj), _L]I“W = 0.

ZLi-W are as follows:

The recursive features of the local interpretation function
o R7W = (REW)™ for all R € R;
° (KjR)I“W = rji(ﬂjew R‘yj’w), for all R € ﬁl

o (O)FW = rji(ANCEW)



C M D)Zi’w = T‘ji(CZj’W N DZJ’W)

C L D)Zi’w = T‘ji(CZj’W U DZJ’W)

(
(
o (RO =rj({x e A (Jy)((x,y) € R%W and y € W)}
(V;R.CYFW = rji({z € AT+ (Vy)((z,y) € %Y implies y € CTV)})
o (K;O)W =1ji(Ngew C")

Note that, for every R € 7/@2 and every C' € (?Z-, we have that RZ#"Y = R and
CTW = C%i i.e., this definition restricted to the F-ALCZT roles and concepts
coincides with the one given previously for F-ALCZ interpretations, if we
disregard the set W.

For all i € V, i-satisfiability, denoted by ;, is defined by (Z, W) |=; C
C D iff CTW C DWW, Given a TBox T = {T;};ev, the interpretation
(Z,W) is a model of T;, written (Z, W) =; T, iff (Z, W) |=; 7, for every T €
T;. Moreover, (Z,W) is a model of T', written (Z, W) =T, iff (Z,W) =; T;,
for every i € V. An epistemic model of T is a maximal nonempty set W
of interpretations, such that, for every Z € W, (Z, W) = T.

Let w € V. Define G, = (V,, Ey) to be the subgraph of G induced
by those vertices in G from which w is reachable and T} := {T;}icv,,-
We say that an F-ALCZK-ontology T' = {T;}icv is consistent as wit-
nessed by a module T, if 7)) has an epistemic model W = {Z}, with
T = ({Zi}ievi > {7ij} i,j)ep,)» such that A" # (). A concept C is satisfiable
as witnessed by T, if there is an epistemic model W of T}, such that
CTwW £ (), for some T € W. A concept subsumption C' C D is valid as
witnessed by T, denoted by C' C,, D, if, for every epistemic model W of
T, and every Z € W CTwWV C DTwW_ An alternative notation for C' C,, D
is Tpp = C C D.

Example 2 (Semantics): We answer the two questions posed against the
knowledge base presented in Example 1.

(i) The first one concerns the satisfiability of the concept expression
Jiteaches.Course M 1K jFaculty (2)
as witnessed by module 77. Note, first, that the concept expression
Jiteaches.Course 1] 71Faculty
is not satisfiable as witnessed by T}, since

(31teaches.Coursell;—Faculty)?"



(i)

(31teaches.Course)’ "V N (= Faculty)?W
Faculty’"W N (- Faculty)?"V
0

However, the concept expression (2) is satisfiable as witnessed by T;.
To see this consider a federated epistemic model W, with Al = {x,y}
and A? = (). Let Z € W be the model such that = € Faculty?""V, y €
Course’" and teaches? " = {(x,%)}. Moreover, let 7 € W be the
model with z,y € Course’"" and Faculty”"W = teaches/"" = ().
Then, it is not difficult to see that

in

(31teaches.Course My — K Faculty)?" = {z} # (.

Thus, the concept expression (2) is satisfiable as witnessed by 77.

The second one concerns the satisfiability of
Joteaches.drenrolled.Student My —9Faculty (3)
as witnessed by T,. Let (Z,V) be an epistemic model of T, such that
(Joteaches.Jsenrolled.Student Mo —|2Facu1ty)22’W # .

Thus, there exists an € A2, such that

1. x € (oteaches.dpenrolled.Student)?"V and
2. x € (m9Faculty)??" = A2\rp(Faculty’"V).

Thus, there exist individuals 2/, ¢y’ € A, such that (2, x), (v/,y) € 712,
(2',y) € teaches™ " and, also, y € (Jzenrolled.Student)?2?V C
r12(Course? V). But then, by 2 above, = & r12(Faculty?'"), whence
z' ¢ Faculty’"V and, hence, 3/ ¢ Course’ V. Thus, we get v/ €
Faculty’". Therefore y € ria(Faculty’"V), contradicting y €
r12(Course?") and Faculty My Course T L. This shows that the
concept expression (3) is not satisfiable as witnessed by T5.

3 A Reduction from F-ALCZK to ALCIK

In [23] (see also [24]), a reduction R from an F-ALCZ KB ¥; = {T;} to
an ALCZ KB X := PR(3,;) was obtained. Since this reduction is going to be
reused in the present work in order to obtain a reduction from an F-ALCZK
KB to an ALCZK KB, we review it here. This reduction will also allow us to

10



show that the satisfiability problem in F-ALCZK is decidable, since by [12],
the same problem in ALCZK is decidable, and to pinpoint the complexity
of the problem.

Let ¥4 be an F-ALCZ KB. The signature of ¥ = 9R(X) is the union of
the local signatures of the modules together with a global top T, a global
bottom L, local top concepts T,, for all 7 € V, and, finally, a collection of
new role names {R;; }(; j)ep, i-€.,

Sig(D) = | J(CUR) U{T, L} U{T;:1<i<n}U{Ry:(i,j) € E}. (4)

(2

Moreover, various axioms derived from the structure of ¥, are added to X.
e For each C € C;, C C T, is added to X.

e For each R € R;, T, is stipulated to be the domain and range of R,
ie., TCVR™.T; and T C VR.T; are added to X.

e For each new role name R;;, T; is stipulated to be its domain and T}
to be its range, i.e., T C VRZ-_j.T,- and T C VR;;.T; are added to X.

e For each C C D € T;, #,(C) C #;(D) is added to X, where #; is a
function from C; to the set of ALCZ-concepts. The precise definition
of #; is given below.

The mapping #;(C) serves to maintain the compatibility of the concept
domains. It is defined by induction on the structure of C' € C;:

o #,(C)=C,if CeC;

o #:(C)=3R;,.#;(C).if C €C;NC;;

o #i(m;D) =3R;.(= #;(D) N T));

o #i(D®; E) = 3R;,.(#;(D) B#;(E)), for B = or @=L

o #i(3;R.D) = IR;;.(3R;;.(AR.(IRy; #;(D)))), for R € Ry URy;
o #i(¥;R.D) = 3R;,.(VR;.(VR.(¥Ry;.#;(D)))), for R € R, UR.

The reduction R was shown in [23] to be sound and complete in the sense
that, if the local top concept T, in R(X4), that corresponds to a module Ty,
in X4, is satisfiable in an ALCZ-model of R(X;), then 3, itself is consistent
as witnessed by T, and vice-versa.

11



Suppose, now, that we start from a F-ALCZK KB X,;. We extend the re-
duction R to cover the contextualized epistemic operators. Thus, we obtain
a reduction from the F-ALCZIK KB X, to an ALCIK KB ¥ = R(X,). The
signature of ¥ is as in Equation (4) and the axioms remain the same. The
only definition that needs to be expanded to accommodate the epistemic
operators is that of the function #;(C). More specifically, the set of clauses
above is modified and augmented as follows: We first define two auxiliary
operators #2-3 and #Z-v on i-role expressions.

e #2(R) = 3R;;AR3Ry,, for all R € Ry UR,;

o #7(R) = VR, VRVRy;, for all R € R UR,;

o #2(K;R) = IR, IKRIRy;, for all R € R; UR;;

o #7(K;R) = VR VKRVRj;, for all R € R; UR;

Then, using the #? and #Z-V—operators, we extend the #;-operators de-
fined previously for concept expressions in C; to concept expressions in C;
by induction on the structure of C' € C;, as follows:

#,(C)=0C,if C € C;
#i(C) = AR5, #,(C), if C € C;NC;;
#i(2;D) = 3R;.(— #;(D) N T5);
o #i/(D; E) = 3R;,.(#;(D) B #;(E)), for 8= or B =LJ;
o #i(3;R.D) = 3R, #)(R).4#;(D), if R € Ry;
o #;(V;R.D) = 3R, #I(R).#;(D), if R € Ry;
o #:(K;D) = 3R, K#;(D).

Note how the newly introduced notation enables us to handle uniformly
in an elegant way the more complex epistemic roles when it comes to the
rules dealing with the existential and the universal role quantifications.
When only non-epistemic roles are used, the clauses in the definition collapse
to the ones used previously for concept expressions in CAZ

Example 3 (Reducing a Federated Knowledge Base): Let us revisit
the F-ALCZK knowledge base T consisting of two modules T} and T5, that

12



was presented in Example 1. We provide below the ALCZK knowledge base
R(T), that results from T' by applying the reduction that was presented in
this section. We use horizontal lines to separate the different categories of
translated sentences, as were presented in the definition of fR.

Faculty C T

Course C T

Student C To

T C Vteaches™. Ty T C Vteaches. Ty

T C Venrolled . Ty T C Venrolled. Ty
TEVR,. T T EVR2.To

T1 E Faculty U Course

FacultyllCourse C |

Jteaches.Course C Faculty

To C JR;,.Faculty L3R ,.Course LI Student
JR}, FacultyMdR;,.Course C L

JR|, FacultyStudent C L

JR},.Course M Student C L
Jenrolled.Student C IR ,Course

We will show in the next section that the extended reduction R is sound
and complete in the sense that, given a F-ALCZK KB X; = {T; }iev, if the
local top concept T, in R(3,) is satisfiable in an epistemic model W = {Z},
satisfying the property

TiI:T*Z.j, forallicVandall Z,7 € W, (5)
RZ.I]. = R%?’ for all (i,j) € E and all Z,J € W.

then X4 itself is consistent as witnessed by T, and vice-versa.

4 Soundness and Completeness of the Reduction

R

Let us call an epistemic model of JR(X,) satisfying Condition (5) a coor-
dinated model. The strategy that we will follow in order to show that
the local top concept T,, in R(X,) is satisfiable in a coordinated model iff
Y4 is consistent as witnessed by T;, can be summarized as follows: First,
given an epistemic coordinated ALCZK model W of the KB R(X,;), we will
construct an epistemic F-ALCZK model F(V) of ¥;. Then, we will show

13



that if T,, is satisfiable in the model W, then F(WV) is a model of T}, such
that AY =# (). Moreover, given an epistemic F-ALCZK model W of the
KB ¥, we will construct an epistemic coordinated ALCZK model G(W) of
MR(X4) and show that if W is a model of T, such that A" 2 (), then T, is
satisfiable in the model G(W).

First, we provide the constructions of F(W) and G(W). We urge the
reader to keep in mind that, in the first case, the model W refers to an epis-
temic model of the ALCZK KB R(X,), i.e., W is a maximal set of ALCZK
interpretations, such that, for all Z € W, the ALCZK interpretation (Z,V)
is a model of RR(X,), in the sense of [12], satisfying the extra Condition (5).
On the other hand, in G(WV), the model W refers to an epistemic model
of the F-ALCZK KB X4, ie., W is a maximal set of F-ALCZK interpre-
tations, such that, for all Z € W, the F-ALCZK interpretation (Z,W) is a
model of ¥3. Hopefully, this mild overloading of notation will not cause any
confusion.

Definition 5 Let ¥4 = {T;}icy be an F-ALCIK KB and (Z,W) an in-
terpretation of the ALCZK KB R(Xy), satisfying Condition (5). For each
J € WU{Z}, construct an interpretation F(J) = ({Ji}iev,{rij}ij)er) for
g as follows:

o AJi :T;j, forallieV;
o CVi =Y, for every C € C;;

e RJi = R7 | for every R € R;;

J

e rij =Ry, for every (i,j) € E.

Let FOV) ={F(J) : J € W} and F(Z,W) = (F(Z),F(WV)).

Note how Condition (5) is necessary so that the resulting F-ALCZK
interpretation satisfy the requirements of Definition 4.

Definition 6 Suppose that ¥4 is an F-ALCIK KB and that (Z,WV), with
J = {Titiev,{rij}ajer), for all T € WU{ZL}, is an interpretation for Xg.
For every J € WU {Z}, construct an interpretation G(J) = (A%J) .6(T))
of R(Xq) as follows:

o AGT) — UieV ATi:

° T?(J) = A7, for everyi € V;
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o COI) = i, for every C € C;;
o RS = R7:_ for every R € R;;
° Rfj(j) =rij, for every (i,j) € E.
Furtermore, define GOW) = {G(J) : J € W} and G(Z,W) = (G(Z),c(W)).
The following technical lemma that was proven for the case of a F-ALCZ
KB X, in [23] (see [24] for proof) is extended here to cover the case of an F-

ALCIK KB X;. It will aid in proving the main soundness and completeness
results of this section.

Lemma 7 Let X4 be an F-ALCIK KB and (Z,W) an interpretation for
R(Xy) satisfying Condition (5). For every concept expression C € C;, such
that 3R;;.C" occurs in R(q), we have RiZj’W(CLW) = (EIRZ-_]-.C)I’W.

Proof:
The proof can be carried out almost verbatim as that of Lemma 10 of
[24]. We omit the details. [ |

To connect the interpretation (Z, W) with its federated counterpart (F(Z),
F(W)), we need to establish a correspondence between the interpretation of
the translation #;(C) of a concept C' € C; under (Z,W) and that of the
concept C' under (F(Z),F(W)). This relationship is explored in Lemma 10.
For the proof of the lemma, we need to know the exact relationship between
the interpretation of a translation of an existential sentence using a complex
role expression in a model (Z, W) of JR(3,;) and the interpretation of the
sentence itself in F(Z,W). More precisely, we have

Lemma 8 Let 3y be an F-ALCIK KB, (Z,W) an interpretation for R(Xq),
satisfying Condition (5), and 3;R.D € C;, such that #;(D)5Y = DF@)iFWV),
Then

(#?(R).#i(D))Z’W ={zeA":(Tyc DF(I)ivF(W))((%y) e RF(I)ZHF(W))}'

Proof:
Assume, first, that R € R, UR, . Then, we have

(#3 (R).#:(D))EY
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= (3Ry;- 3R 3Ry #:(D))"W
= {z e ATW: (Fy € #:(D)PV)((z,y) € RV (RE)}
= {zeA": 3y € DFOFV)((2,y) € rjy(RFDRFOV)))}
= {zeA":(3ye DFD: 7F(W))((x,y) € RF@FW)L,

If, on the other hand, R € R; U Rj_, we get
(#7 (K;R).#:(D) "
(EIR AKR.AR;;.#:(D))EV

{z € ATV (Fy € #:(D)")((2,y) € RV (KR)W))}
= {zeATW: 3y e #(DY)((w,y) € Ry; (ﬂgewRJW))}
= {z e A" (Fy € DFDFO)((2,y) € rji( 7y BFOV))}
= {zeA": (y € D'DFM)((z,y) € (K;RF D ( N}

A similar result holds for universal role quantifications. It will also help
us in proving Lemma 10, which establishes the main connection between
extensions in a coordinated model (Z, W) of R(X,) of translated sentences
and corresponding extensions in F(Z, W) of the original sentences.

Lemma 9 Let ¥y be an F-ALCIK KB, (Z,WV) be an interpretation for
R(Xq), satisfying Condition (5), and V;R.D € C; such that #;(D)2"W =
DF@)iFWV) - Then,

HYR) (D)W
={z € A": (Vy € A)((z,y) € RFDFOV) implies y € DF@FOV) )1

Proof:
Assume, first, that R € R, UR, . Then, we have

(#7(R).#:(D)""
= (VR;, VRYRy;.#:(D))TW
{z € ATV : (vy € ATWY)((z,y) € R (RTW) -
implies y € #;(D)>"")}
= {zeA': (Vye A)((2,y) € rp(RFDFOV))
, ' implies y € DF@FOV))Y
= {zeAl:(vyeA)((x,y) € RFOFV) implies y € DFDFOV)1,

If, on the other hand, R € R; U Rj_, we get
(#] (K;R).#:(D)""
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fr € ATV (vy € ATW)((z,y) € RV (KR)TW)

implies y € #;(D)2")}
= {oe ATV (vy e ATY)((x,y) € B (Ngew BT

implies y € #;(D)2)}
= {zecA": (Vye A)((z,y) € (N gew RF(J)5:FW))

implies y € DF@HFOV)))
= {zeAl: (Vye AY)((z,y) € (KjR)F(I)uF(W)

implies y € DF@HFOV)),

Lemma 10 Suppose that ¥4 is an F-ALCIK KB, (Z,W) an interpreta-
tion for R(Xy), satisfying Condition (5), and F(Z, W), with J = ({J; }iev,
{rij}ujer), for all T € FOW) U{F(Z)}, such that J; = (A%, -Ji) i € V.
Then

#i(C)I’W = CF@iFV), for every C € CNZ-, 1eV.

Proof:

We do this by structural induction on C. All steps of the induction
that involve operators other than either the epistemic role or the epistemic
concept operators can be carried out exactly as in the proof of Lemma
12 of [24]. Therefore, we will demonstrate in detail only the case where the
main (outermost) connective is an existential, universal or epistemic concept
operator.

Suppose that C = 3;R.D, with R € R;. Then

#i(3R-DYWY = (R4 R45(D)"
(by the definition of #;(3;R.D))
REV(#IR44(D)E)  (by Lemma 7)
rii({x € AT : 3y € DFDFV))((2,y) €

RFDFOV)) )
(by Lemma 8 and the induction hypothesis)
= 75;((3;R.D)FDiFV))
= (3;R.D)FDFOV),

The case of a universal role quantification may be handled similarly. The
only difference is that Lemma 9 should be used in place of Lemma 8.
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Suppose, finally, that C' = K,;D. Then

#,(K;D)yIVW = (EIR]-_Z-.K#]-(D))Z’W (by the definition of #;(K;D))
= RZV((K#;(D))*")  (by Lemma 7)
= Rﬁw(ﬂjew #;(D)7W)  (by the definition of L")
Tji(ﬂjew DF(j)i’F(W)) (by the definition of F(Z, W)
and the induction hypothesis)
= (K;D)F@D:FOV) (by the defintiion of (K;D)F@:FOV))

The following is our main soundness theorem for the reduction fR.

Theorem 11 (Soundness) Let ¥4 be an F-ALCIK KB, and T,, a module
of Xq. If Ty is satisfiable in a coordinated model of R(T), then X4 is
consistent as witnessed by T,,.

Proof:

Suppose that T,, is satisfiable in a coordinated model of R(7}). Assume
(Z,W), with T = (AZ,.T), such that TZ # ) is a coordinated model of
R(T;;). Our goal is to show that (F(Z),F(W)) is an epistemic model of T};,
such that A% := AF@DwFOV) £ (.

Clearly, we have A% = TILW # (), by the hypothesis. So it suffices to
show that (F(Z),F(W)) is a model of the federated ontology T}, i.e., that
it satisfies (F(Z),F(OW)) [=i T;, for every i € V,,. Suppose that C C D €
T;. By the construction of R(7};) and the fact that (Z,W) E R(T}), we
must have #;(C)2Y C #;(D)5", whence, by Lemma 10, we obtain that
CF@FWV) ¢ DF@iFOV) showing that (F(Z),F(W)) = T%. [ ]

To connect the federated interpretation (Z,W) with its single module-
counterpart G(Z,WW), we need to establish a correspondence between the
interpretation of the translation #;(C) of a concept C € C; under F(Z, W)
and that of the concept C under (Z, W).

Lemma 12 Let ¥4 be an F-ALCZK KB and (Z, W), with W ={J}, J =
({TiYiev,Arijtajer), an epistemic model of ¥q. Then

#i(C’)G(I)’G(W) = CTWY for every C €C;, i € V.

Proof:
As in the proof of Lemma 17 of [24], one may show that, for every J € W,

we have that J = F(G(J)). Therefore, by Lemma 10, #;(C)%Z)¢0W) —
CF D) FEOV) — CTW, g
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Having at hand Lemma 12, we can now show that the converse of The-
orem 11 also holds. That is, if an F-ALCZK ontology ¥, is consistent as
witnessed by a specific module T,, then the corresponding local top T,, is
satisfiable in a coordinated model of PR(7};). More precisely, we have the
following

Theorem 13 (Completeness) Let 35 = {T;}icv be an F-ALCZK ontol-
oqy. If X4 is consistent as witnessed by a module T, then T, is satisfiable
in a coordinated model of R(T;).

Proof:

Suppose that ¥, is consistent as witnessed by T,,. Thus, it has an
epistemic model (Z, W), with J = ({TJi}iev,{7ij}aj)er), T € WU {Z},
satisfying AZv # (). We show that (G(Z),G(W)) is a model of R(T}), such
that TSP £ .

We have TSEEW) _ ATw,W # (), by the hypothesis.

Clearly, if C € C;, then C6@EMW) = C6(@) = CTW C Al = THDCOV),
whence C' C T, holds in (G(Z),G(W)).

Next, suppose that R € R; and let 2z € ASD.6V) — AGT) — Uiev AL
Assume that y € A%?), such that (z,y) € (RO~ = (RE@)~ e,
(y,z) € RS = RTW. Thus, we must have y € A? = Tf(z)’c(w), whence
z € {t € ASDEW) ; (yy € ACDSV)((¢,y) € REDEWV) 5 4 ¢ Tg(l)vc(w))}
= (VR~.T;)8@CEW) " This shows that T C VR™.T; also holds in (G(Z),
G(W)). The fact that (G(Z),G(W)) = T C VR.T; may be shown similarly.
Also along the same lines follow the proofs that the two concept inclusion
axioms T CVR,..T; and T C VR;;.T; are valid in (G(Z),G(W)).

Finally, suppose that #;(C) C #;(D) is in R(X4). Then C C D €
T; and, since (Z,W) = ¥4, we must have CZ" C D%, Therefore,
by Lemma 12, #;(C)¢@V) C 4,(D)S@V)  whence (G(T),6(W)) &
#,(C) C #,(D). Thus, if (Z,W) | T, we must have that (G(Z),G(WV)) |
MR(T,;). This concludes the proof that, if 3, is consistent as witnessed by
a package T, then T, is satisfiable with respect to R(7,;). (Note that
(G(Z),G(W)) is indeed a coordinated model due to Definition 4.) [ |

Consequences of Soundness and Completeness

By combining Theorems 11 and 13 we get the following

Theorem 14 (Soundness and Completeness) Let ¥4 = {T;}icy be an
F-ALCIK ontology. X4 is consistent as witnessed by a module T, if and
only if Ty, is satisfiable in a coordinated model of R(T}).

19



It is well known that concept satisfiability in ALCZ with respect to
arbitrary TBoxes is EXPTIME-hard [21, 2]. Thus concept satisfiability in
ALCIK is also EXpTIME-hard. By the results presented in [12], it can be
shown that concept satisfiability in ALCZK is in EXPTIME. Therefore, since
the reduction SR can be performed in polynomial time, we obtain

Theorem 15 Deciding TBox consistency in F-ALCZK is EXPTIME-com-
plete.

The following theorem, which is a consequence of Theorem 14, shows
that a given subsumption is valid as witnessed by a module T; of an F-
ALCZK ontology T if and only if its translation under #; is valid in any
coordinated model of R(T}").

Theorem 16 (Subsumption Preservation) Let ¥; = {T;}icv be an F-
ALCZIC ontology. Then T} =; C T D iff #,(C) T #;(D) is satisfied in
every coordinated model of R(T}).

Proof:

Suppose, first, that T* |=; C C D and let (Z,)V) be a coordinated
epistemic model of R(T}). Then, by Theorem 11, (F(Z),F(W)) is a model
of T, whence, since T |=; C T D, we get that (F(Z),FOW) k= C C D.
This implies that (Z, W) |= #;(C) C #,(D).

Conversely, suppose that every coordinated model of SR(T}") satisfies
#:(C) C #,(D) and let (Z, W) |= T;*. Then, by Theorem 13, (G(Z),G(W)) is
a coordinated model of R(T*). Thus, we get that (G(Z),G(W)) = #.(C) C
#;(D). This implies that (Z, W) }=; C T D. Therefore T} =, CC D. R

Summary

In this paper we have introduced a modular ontology language, contextual-
ized federated description logic F-ALCZK, that allows reuse of knowledge
from multiple ontologies. An F-ALCZIC ontology consists of multiple on-
tology modules each of which can be viewed as an ALCZK ontology and
has several important features that, to the best of our knowledge, appear
together in a single ontology language for the first time. Namely,

e it is modular, i.e., provides a semantics for independently developed,
autonomous but interrelated modules, that can share parts of their
vocabulary without the need to redefine their meanings;
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e it is fully contextualized, since all its logical connectives assume a
different meaning when used in different modules; a module using a
“foreign” connective is calling for its extension to be computed in
another local domain and then imported via inter-domain relations;

e it provides support for the use of contextualized epistemic operators in
each module; whereas the epistemic role operators can be applied only
in front of roles defined in their own module, the epistemic concept
operators can be applied in front of arbitrary concept expressions, as
long as the necessary importing relations are fulfilled.

A case has been made in [12] that the knowledge operators allow non-
monotonic reasoning, some forms of closed-world reasoning, formulation of
procedural rules as well as various forms of more sophisticated queries. Since
our language, when restricted to a single module, has the same semantics
as that in [12], these nice properties are inherited in the present context.

F-ALCZK supports contextualized interpretations, i.e., interpretations
from the point of view of a specific module. We have provided a reduction
from an F-ALCZK ontology to an ALCZK ontology that allowed us to use
the results of [12] to show that the consistency problem for a F-ALCZK
ontology is EXPTIME-complete.

It is an interesting problem to develop a distributed reasoning algorithm
for F-ALCZK by extending the algorithm for F-ALCZ, that was presented
in [25]. This algorithm was based, in turn, in similar work of Bao et al. [3, 4]
and Pan et al. [19].
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