Combinatorial Analysis of the State Space Structure of Finite Automata Networks^∗

George Voutsadakis^†

March 3, 2002

Abstract Several questions concerning the structure of the state space of Finite Automata Networks (FANs) are considered and many of them are answered in the context of special classes of FANs, the most important of which, in our studies, is the class of Threshold Agent Networks (TANs). Namely, the number of strongly non-equivalent FANs and TANs on the complete digraph C_n with n vertices is computed, by using the techniques of generating functions and recurrence relations together with Pólya’s theory of counting from elementary combinatorics [5] and combining them as in [6]. Then a complete description is given of the limit point structure of positive and negative TANs on C_n. These results use only simple combinatorial counting arguments exploiting the threshold structure available. Finally, a combinatorial algebra is introduced whose product, scalar product and sum provide in many cases an easy way to compute the description of the state space of products and other constructs of networks from the corresponding descriptions of their components.

1 Introduction

A Finite Automata Network (FAN) N = ⟨G, {f_i}_{i∈V} ⟩ [3] consists of a digraph G = ⟨V, E⟩ together with a collection {f_i}_{i∈V} of functions f_i : {0, 1}^V → {0, 1}, i ∈ V,

∗This research was supported by a grant from the U.S. Department of Defense. †Physical Science Laboratory, New Mexico State University, Las Cruces, NM 88003, USA.

gvoutsad@psl.nmsu.edu

0Keywords: Finite Automata Networks, Threshold Agent Networks, Strong Equivalence, State Space, Fixed Points, Limit Cycles, Recurrence Relations, Pólya’s Theory of Counting, Combinatorial Algebras, Descriptions

1991 AMS Subject Classification: Primary: 93A05, 92B20, Secondary: 05A15 1 such that f_i only depends on those j, such that ⟨j, i⟩ ∈ E. The global update function f : {0, 1}^V → {0, 1}^V of the FAN N is the function given by

f(x)_i = f_i(x), for all x ∈ {0, 1}^V , i ∈ V.

The state space S(N) of the FAN N is the digraph with set of vertices {0, 1}^V and edges all pairs ⟨x, y⟩ ∈ ({0, 1}^V )^2, such that y = f(x). A point x is said to be a fixed-point if x = f(x) and a sequence of points x_1, . . . , x_m is said to form a limit cycle of length m if, for all 1 ≤ i ≤ m − 1, x_{i+1} = f(x_i) and x_1 = f(x_m). Thus fixed points are limit cycles of length 1. All points in limit cycles are collectively termed limit points.

Two state spaces S(N_1) and S(N_2) are said to be isomorphic if they are isomorphic as digraphs. They are said to be strongly isomorphic if they are isomorphic via an isomorphism that is induced by a bijection between the sets V_1 and V_2 of the vertices of the digraphs G_1 and G_2 of the FANs N_1 and N_2, respectively. Two FANs N_1 and N_2 are said to be equivalent if S(N_1) and S(N_2) are isomorphic and are said to be strongly equivalent if their state spaces are strongly isomorphic. In Section 2, a formula will be given to compute the number of strongly non-equivalent FANs over the complete digraph with n vertices. This is accomplished by applying Pólya’s theory of counting as done in [6], together with simple tools from the theory of generating functions and recurrence relations.

Next, the focus will be shifted to a special class of FANs. This class is a subclass of neural or threshold networks [3] and it was introduced in [6] as an alternative platform to sequential dynamical systems of [1, 2] for modelling and analytically studying properties of computer simulations.

A Threshold Agent Network (TAN) is a FAN A = ⟨G, {f_i}_{i∈V} ⟩, whose functions f_i are integer threshold functions, i.e., f_i, i ∈ V, is determined by an integer t_i, in the following way, for all x ∈ {0, 1}^V ,

f_i(x) = { 1, if |{j : ⟨j, i⟩ ∈ E and x_j = 1}| ≥ t_i 0, otherwise , if t^i ≥ 0, and f_i(x) = { 0, if |{j : ⟨j, i⟩ ∈ E and x_j = 1}| ≥ −t_i 1, otherwise , if t^i < 0.

Since the f_i’s are completely determined by the thresholds t_i, the TAN A is most often denoted by A = ⟨G, t⟩, where t = ⟨t_i : i ∈ V ⟩ is the sequence of integer thresholds.

A TAN A is said to be positive if, for all i ∈ V, 0 ≤ t_i ≤ |V | and it is said to be negative if, for all i ∈ V, −|V | ≤ t_i ≤ −1.

In [6], Pólya’s theory of counting is used to obtain a tight upper bound on the number of strongly non-equivalent TANs over a given digraph. This result will be applied in Section 2 to obtain a recursive formula for the number of strongly nonequivalent TANs over the complete digraph C_n with n vertices. In Section 3, the limit point structure of positive and of negative TANs over C_n is completely determined. The problem for arbitrary TANs over C_n and for TANs over other more complicated digraphs is open. The results presented here are also of computational significance since they simplify the complexity of computing the limit structure.

In [7, 8] a categorical treatment of FANs and TANs was presented and the notion of product of two FANs and TANs was introduced and studied. The same notion for sequential dynamical systems was studied in [4]. In Section 4, based on the combinatorial idea of generating functions and combinatorial algebras, a representation is given of the main features of the state space of a FAN in terms of sequences. The collection of all sequences is endowed with operations that make it a Z-algebra, where Z is the ring of integers. Not every element of this algebra is a valid description of a state space of a FAN, but, when two elements are, their product in the algebra is the description of the state space of their product as given in [7]. The meaning of some of the other algebraic operations is also explored, but many questions on this very interesting correspondence between the structure of FANs themselves and the algebraic descriptions of their state spaces remain open.

Section 5 makes explicit some of the questions that we were unable to answer at this point. The hope is that more work on this topic will give satisfactory answers to many of these and other related issues.

2 The Number of FANs and TANs over C_n

It is straightforward to verify that the number of FANs over the complete digraph C_n with n vertices is (2^{2n} )^n = 2^{n2n} . This is because, for each vertex, one may arbitrarily choose two output values for each of the 2^n possible inputs.

In a similar way, we may compute the number of different TANs over C_n. This number is obtained by noting that an arbitrary selection of a threshold may be made for each vertex in the TAN but that the thresholds must be chosen in the range −n, . . . , n + 1, since all values below −n will determine exactly the same output function with the value 0 and all values above n + 1 will determine exactly the same output function with the value n + 1. Thus, the number of different TANs over C_n is (2n + 2)^n.

As an illustration consider the number of different FANs and TANs over the complete graphs with 1, 2, 3 and 4 vertices. The numbers are given in the following table 1 2 3 4 FANs 4 256 2^{24} 2^{64} TANs 4 36 512 10, 000 A more challenging question is to determine the number of non-equivalent and of strongly non-equivalent FANs and TANs over C_n. We do the latter for the complete digraphs on 1,2,3 and 4 vertices by exploring a result in [6]. Namely, we compute, using Pólya’s theory of counting, all the possible non-isomorphic labelings of C_n, n = 1, 2, 3, 4, under the automorphism group of C_n, first with labels from the set of 2^{2n} possible functions with n variables, and then with labels from the 2n+2 allowable thresholds. To do this, the cycle index C_{Cn} (x_1, x_2, . . . , x_n) of C_n has to be computed first. To compute the cycle index, the number of permutations of the n vertices and their cycle structures have to be computed. The number of strongly non-equivalent FANs over C_n is then given by C_{Cn} (2^{2n} , . . . , 2^{2n} ). Similarly, the number of strongly non-equivalent TANs over C_n is given by C_{Cn} (2n + 2, . . . , 2n + 2).

For n = 1, there is only one permutation on 1 vertex, namely the identity that fixes the vertex. So its cycle structure is x_1 and the cycle index of C_1 is C_{C1} (x_1) =^1_{1!} x_1 = x_1. The first column of the table below follows.

For n = 2, there is one permutation (the identity) fixing both vertices and one that interchanges them and therefore contains one cycle of length 2. So the corresponding cycle structures are x^2_1 and x_2 and the cycle index is C_{C2} (x_1, x_2) =^1_2 (x^2_1 + x_2). Now the second column of the table below follows.

For n = 3, there is the identity that fixes all three vertices and has cycle structure x^3_1, three permutations that fix one vertex each and have structures x_1x_2 and two permutations that do not fix any vertex and have cycle structure x_3. Therefore the cycle index in this case is C_{C3} (x_1, x_2, x_3) =^1_6 (x^3_1 + 3x_1x_2 + 2x_3). The third column of the table follows.

Finally, for n = 4, there is the identity with cycle structure x^4_1, eight permutations that fix only one point each with cycle structures x_1x_3, six permutations that fix two points each and interchange the other two with cycle structure x^2_1x_2, three permutations that interchange two pairs of points with cycle structures x^2 and, finally, six more permutations that do not fix any point and have cycle structure representations x_4. Thus, the cycle index in this case is C_{C4} (x_1, x_2, x_3, x_4) = 1 24 (x^4_1 + 8x_1x_3 + 6x^2_1x_2 + 3x^2 + 6x_4). Thus the last column of the table follows.

n 1 2 3 4 2^{2n} 4 16 256 2^{16} 2n + 2 4 6 8 10 FANs 4 136 2, 829, 056 768, 684, 707, 117, 285, 376 TANs 4 10 120 715

After seeing the analysis for the special cases of n = 1, 2, 3 and 4, we give a combinatorial recursion formula for computing the cycle index C_{Cn} of the full group of permutations on n vertices, which is the symmetry group of the complete digraph on n vertices. Denote by C_n this group for simplicity and set D_n = n!C_n. D_n is the same polynomial as C_n in the n variables x_1, . . . , x_n without the constant multiplicative term^1_{n!} .

Proposition 1 The polynomial D_n obeys the recursive formula

D_n = n∑ k=1 ( n − 1 k − 1 ) (k − 1)!x_kD_{n−k}.

Thus, the cycle index of the full permutation group on n vertices C_n obeys the recursive formula

C_n = 1 n! n∑ k=1 (n − 1)!x_kC_{n−k}.

Proof:

An easy combinatorial proof follows from the observation that the permutation group on n vertices may be constructed as the disjoint union of the permutations that contain a fixed k-cycle containing a specific element, say 1, for k = 0, 1, . . . , n. Each such cycle may be selected in

(_{n−1} k−1 ) (k − 1)! ways and the sum of the cycle structure representations of the permutations containing such a k-cycle is x_kD_{n−k}. ■

We may now verify the results obtained above by computing, using these recursive formulas, the polynomials computed in an ad-hoc fashion above.

D_0 = 1. D_1 =

(_0 0 ) 0!x_1 = x_1.

D_2 =

(_1 0 ) 0!x_1D_1 +

(_1 1 ) 1!x_2D_0 = x^2_1 + x_2.

D_3 =

(_2 0 ) 0!x_1D_2 +

(_2 1 ) 1!x_2D_1 +

(_2 2 ) 2!x_3D_0 = x_1(x^2_1 + x_2) + 2x_1x_2 + 2x_3 = x^3_1 + 3x_1x_2 + 2x_3 D_4 =

(_3 0 ) 0!x_1D_3 +

(_3 1 ) 1!x_2D_2 +

(_3 2 ) 2!x_3D_1 +

(_3 3 ) 3!x_4D_0 = x_1(x^3_1 + 3x_1x_2 + 2x_3) + 3x_2(x^2_1 + x_2) + 6x_1x_3 + 6x_4 = x^4_1 + 6x^2_1x_2 + 8x_1x_3 + 3x^2 + 6x_4.

Having Proposition 1 at hand one may now derive from the results in [6] the following theorem

Theorem 2 The number of strongly non-equivalent FANs over C_n is C_n(2^{2n} , . . . , 2^{2n} ) and the number of strongly non-equivalent TANs over C_n is C_n(2n + 2, . . . , 2n + 2).

3 The Limit Cycle Structure of TANs over C_n

In this section, a study is undertaken to determine the structure of the state space of a TAN over C_n. More precisely, we would like, given threshold values on the vertices of C_n, to be able to determine the structure of the state space of the corresponding TAN. In the ideal case, it would be desirable to have this ability for an arbitrary TAN. The study of TANs over the complete digraph forms only a simple first step and will, hopefully, provide some insights on how to tackle the general case. The present study will be furthermore restricted to the cases when all the thresholds are non-negative and when all the thresholds are negative. These threshold agent networks were called positive and negative, respectively, in [6].

Positive TANs over C_n

First, an analysis is provided of the limit point structure of positive TANs over the complete digraph C_n on n vertices. These are TANs whose thresholds are in the range 0, . . . , n. Note that the local update functions f_i : {0, 1}^V → {0, 1}, 1 ≤ i ≤ n of a positive TAN are nondecreasing functions. Thus, a positive TAN cannot have a limit cycle of length greater than 1. In other words, all limit points of a positive TAN are fixed-points. So the limit point structure of a positive TAN is completely determined by the number of fixed-points in its state space. The following analysis completely determines the number of fixed-points of a positive TAN over C_n. Such a TAN is completely determined by the sequence t = ⟨t_i : i ∈ V ⟩ of its thresholds. Let T_k : {0, . . . , n}^V → {0, 1}, 0 ≤ k ≤ n be the function (really a predicate on allowable sequences of thresholds)

T_k(t) = { 1, if |{i ∈ V : t_i ≤ k}| = k, 0, otherwise , 0 ≤ k ≤ n.

Then, the following holds

Theorem 3 (Fixed-Points of a Positive TAN over C_n) The number fp(t) of fixed-points of a positive TAN over C_n with thresholds t = ⟨t_i : i ∈ V ⟩ is given by the formula fp(t) =

∑_n i=0 T_i(t).

Proof:

The formula follows directly from the observation that for k 11 . . . 1 n−k 00 . . . 0

to be a fixed-point, the first k vertices must have thresholds not exceeding k and the last n − k vertices thresholds at least k + 1. ■

Negative TANs over C_n

In this section, the analysis of the limit point structure of the positive TANs over C_n is modified to present an analysis of the limit point structure of negative TANs over C_n. These are TANs whose thresholds take values in the range −1, . . . , −n. The first observation that can be made is that all these TANs possess the two-state limit cycle n 00 . . . 0 n 11 . . . 1 � � This is true, because the thresholds are in the range −1, . . . , −n.

Now, let R_k : {−1, . . . , −n}^V → {0, 1}, 0 ≤ k ≤ n, be the function defined by

R_k(t) = { 1, if |{i ∈ V : t_i < −k}| = k 0, otherwise , 0 ≤ k ≤ n.

Moreover, let S_{l,k} : {−1, . . . , −n}^V → {0, 1}, 0 ≤ l ≤ k ≤ n, be the function defined, for all 0 ≤ l ≤ k ≤ n, by

S_{l,k}(t) = { 1, if |{i ∈ V : t_i < −k}| = l and |{i ∈ V : t_i ≥ −l}| = n − k 0, otherwise .

Note, that, for all 0 ≤ k ≤ n, S_{k,k} = R_k, so that R_k will be replaced by S_{k,k} in the following discussion. The reason why they are both given is because R_k will be used to address fixed-points and S_{l,k}, l < k, will be used to detect limit cycles of length 2.

The following theorem reveals the limit point structure of a negative TAN over C_n. Two lemmas will be stated first to break up the proof into smaller pieces.

Lemma 4 Let s → s^′ be a single transition in a limit cycle of a negative TAN over C_n. There do not exist 1 ≤ i, j ≤ n, such that s_i = 0, s_j = 1 and s^′_i = 1, s^′_j = 0.

Proof:

Suppose that this is not the case. Assume that s^{′′} → s → s^′ and that s, s^′, s^{′′} contain k, l, m 1’s, respectively, and let i and j be such that s_i = 0, s_j = 1 and s^′_i = 1, s^′_j = 0. Then, s → s^′ gives k < −t_i and k ≥ −t_j. Therefore t_i < t_j. But, s^{′′} → s gives m ≥ −t_i and m < −t_j. These two combined give t_j < t_i, which is a contradiction. ■

Lemma 5 The state space of a negative TAN over C_n does not contain limit cycles of length greater than 2.

Proof:

Suppose that a negative TAN over C_n contained a limit cycle of length l ≥ 3. Then the state with the most 1’s, say m, would follow the state with the most 0’s, containing say l 1’s, and the state with the most 0’s would follow the state with the most 1’s. This can only happen if there is at least one vertex with threshold t, such that m < −t ≤ m, a contradiction. ■

Theorem 6 (Limit Points of a Negative TAN over C_n) The number fp(t) of fixed-points of a negative TAN over C_n with thresholds t = ⟨t_i : i ∈ V ⟩ is given by the formula fp(t) =

∑_n

i=0 S_{i,i}(t). The number of its limit cycles of length 2 lc_2(t) is given by lc_2(t) = ∑ 0≤l<k≤n Sl,k(t). Thus, the number of its limit cycles is lc(t) = fp(t)+lc2(t)

and the number of its limit points is lp(t) = fp(t) + 2lc_2(t).

Proof:

First, it is clear that the two states 00 . . . 0 and 11 . . . 1 form a limit cycle by themselves.

Suppose that_k

11 . . . 1 n−k 00 . . . 0 is a fixed point. Then the first k states must have thresholds less than −k, whereas the remaining n − k states must have thresholds greater than or equal to −k. Hence points of that form are counted by the sum

∑_n i=0 R_i(t) =

∑_n i=0 S_{i,i}(t).

Next, suppose that_k

11 . . . 1 n−k 00 . . . 0 l 11 . . . 1 n−l 00 . . . 0 � � is a limit cycle of length 2 with l < k. Then, by Lemma 4, it is not difficult to see that exactly l vertices must have thresholds less than −k and exactly n − k vertices thresholds greater than or equal to l. Thus, the limit cycles of length 2 are counted by ∑ 0≤l<k≤n Sl,k(t).

Finally, by Lemma 5, a negative TAN on the complete digraph cannot have any limit cycles of length exceeding 2. Thus the statement follows. ■ Note that Theorems 3 and 6 are of great computational value because they provide means for computing the limit structure of positive and negative TANs over the complete digraph with n vertices in time polynomial to the size of the input, whereas the obvious brute force approach would require exponential time.

4 On the Structure of Products

By a (state space) description of a FAN or TAN is meant an enumeration of the number of cycles of each length and of the number of paths of each length on the

Figure 1: Two non-isomorphic state spaces with the same description.

transients in its state space. Note that each FAN or TAN has a unique description but, usually, a single description corresponds to many non-isomorphic state spaces. This is because, on the one hand, a description does not specify the limit cycles that each transient ends up into and, on the other, it does not specify how paths of different lengths combine with each-other to form transients entering the limit cycles. To exhibit the first point consider the following description: one cycle of length 3, one cycle of length 4 and two transients of length 1. One may formally denote such a description by two sequences ⟨α_1, α_2, . . .⟩ and ⟨β_1, β_2, . . . , ⟩ indexed by the nonnegative integers with finitely many nonzero entries. α_i is the number of cycles of length i and β_j is the number of transient paths of length j. Thus, the above example corresponds to the description ⟨0, 0, 1, 1, 0, . . .⟩ and ⟨2, 0, . . .⟩. Two non-isomorphic state spaces with this description are depicted in Figure 1. The second point may be exhibited by considering the description with one cycle of length 2, two transient paths with length 1 and four transients of length 2, i.e., the description given by ⟨0, 1, 0, . . .⟩ and ⟨2, 4, 0, . . .⟩. Two non-isomorphic state spaces with this description are depicted in Figure 2.

In this section, a state space description is given of the product of two FANs in terms of the descriptions of the FANs themselves. Recall from [7] and [8] that the product of two FANs, respectively TANs, consists of the disjoint union of their graphs, where each vertex has the same local update function, respectively threshold, that it had in the original FAN, respectively TAN. On the state space level, the product of the two state spaces is their product when they are viewed as unary algebras. So a description of the product state space may be given by combining the description of the individual state spaces as follows:

A limit cycle of length i in the first FAN and a limit cycle of length j in the second combine to give i ∧ j limit cycles of length i ∨ j, where by i ∧ j, i ∨ j are denoted the

Figure 2: Another pair of non-isomorphic state spaces with the same description.

Figure 3: Product of two limit cycles.

greatest common divisor and the least common multiple of i and j, respectively. As an example consider the two limit cycles of lengths 2 and 4 on the left of Figure 3. These give rise in the product space to the two limit cycles of lenth 4 on the right of Figure 3. A transient path of length i combined in the product with a limit cycle of length j will give j transient paths of length i. This is depicted in Figure 4, where a transient of length 2 is combined in the product with a limit cycle of length 3 to give 3 transients of length 2. Finally, a transient path of length i and a transient path of length j combine in the product to give one transient path of length max(i, j). This is illustrated by Figure 5, where a transient of length 2 and a transient of length 3 are combined to a transient of length 3. Note that the paths of lengths 1 and 1 and 2, respectively, on these transients combine with each other and with the full transients to give the paths starting from the shaded nodes in Figure 5. Also note that the remaining transients appear as a result of combining transients with limit cycles.

All the observations made above on combining descriptions of FANs to provide a

Figure 4: Product of two limit cycles.

Figure 5: Product of two transients.

description of the product FAN may be nicely put together to provide a calculus or algebra of descriptions as shown below.

A Combinatorial Calculus for Descriptions

We will be dealing with a Z-algebra A, where Z is the ring of integers. The elements of this algebra are pairs of sequences ⟨⟨α_1, α_2, . . .⟩, ⟨β_1, β_2, . . .⟩⟩, with α_1, α_2, . . . , β_1, β_2, . . . integers such that only finitely many of the α_i’s and the β_j ’s are nonzero. An alternative representation of the elements of A is as formal sums ∞∑ i=1 α_ic_i + ∞∑ j=1 β_jd_j,

where α_i, β_j ∈ Z, i, j ∈ IN^∗, with only finitely many of the α_i, β_j ’s being nonzero. Addition then is defined component-wise, i.e., ( ∞∑ i=1 α_ic_i + ∞∑ j=1 β_jd_j) + ( ∞∑ i=1 γ_ic_i + ∞∑ j=1 δ_jd_j) = ∞∑ i=1 (α_i + γ_i)c_i + ∞∑ j=1 (β_j + δ_j)d_j.

Multiplication is defined on the c_i’s and the d_j’s by the entries in table (1) and then extended by linearity to the whole algebra.

c_k d_l c_i (i ∧ j)c_{i∨j} id_l d_j kd_j d_{max(j,l)} (1)

Finally, scalar multiplication acts again componentwise k( ∞∑ i=1 α_ic_i + ∞∑ j=1 β_jd_j) = ∞∑ i=1 (kα_i)c_i + ∞∑ j=1 (kβ_j)d_j.

Not all elements of the Z-algebra A have, of course, an interpretation as descriptions of FANs. However, every valid description is an element of this algebra and, furthermore, given two descriptions, the description of the product FAN is obtained by computing their product in this algebra. Moreover, given the description of a FAN, its multiple by a positive integer 2^n is the description of the network containing n additional isolated vertices endowed with loops and having the identity functions (or thresholds 1), called its n-increment. As an illustration of the first statement consider the state spaces of two FANs on the left of Figure 6. The state space of the product FAN is shown on the right of Figure 6. The description of the first FAN is

Figure 6: Product FAN.

Figure 7: 1-increment of a TAN.

c_3 + d_1 and of the second FAN c_1 + d_1 + 2d_2. The description of the product FAN is then computed by

(c_3 + d_1)(c_1 + d_1 + 2d_2) = c_3c_1 + d_1c_1 + c_3d_1 + d_1d_1 + 2c_3d_2 + 2d_1d_2 = c_3 + d_1 + 3d_1 + d_1 + 6d_2 + 2d_2 = c_3 + 5d_1 + 8d_2,

which is in fact the description of the product. For the second statement, a TAN and its 1-increment together with their state spaces are given in Figure 7. The description of the first TAN is c_3 + 3d_1 + 2d_2 and of its 1-increment is 2c_3 + 6d_1 + 4d_2.

Suppose, now, that u^′, u^{′′} ∈ A are the descriptions of the FANs N^′ = ⟨G^′, {f^′_i }_{i∈V} ′ ⟩, N^{′′} = ⟨G^{′′}, {f^{′′}_i }_{i∈V} ′′ ⟩, respectively. Is there a FAN N = ⟨G, {f_i}_{i∈V} ⟩ that has u = u^′ + u^{′′} as its description? First, note that u may not even be a valid description of a FAN at all. For instance, c_3 + d_1 and c_2 are two valid descriptions corresponding to the TANs of Figure 8 but c_2 + c_3 + d_1 is not a valid description, since a state space

Figure 8: Two TANs with descriptions c_3 + d_1 and c_2.

Figure 9: Two TANs and the FAN that has as its description the sum of their descriptions.

with one cycle of length 2, one cycle of length 3 and one transient of length 1 must necessarily have 6 points and 6 is not a power of 2. The only combination of points that guarantees that this cannot happen is 2^n and 2^n for some n. So, suppose that |V^′| = |V^{′′}| = n. Then, given a bijection h : V^′ → V^{′′}, a FAN with description u may be constructed as follows: Its graph has set of nodes V^′ ∪{z}, z ∉ V^′, and set of edges E^′ ∪ h^{−1}(E^{′′}) ∪ {⟨z, v⟩ : v ∈ V^′}. Its functions are determined, for all i ∈ V, by

f_i(x) = (x_z ∧ f^′_i (x ↾ V^′)) ∨ (x_z ∧ f^{′′}_{h(i)}(h^∗(x ↾ V^′))) and f_z(x) = x_z,

where h^∗(y)_j = y_h−1_{(j)}, for all y ∈ {0, 1}^{V ′} , j ∈ V^{′′}.

As an example consider the two TANs on the left of Figure 9. The first has functions

f^′_1(x_1, x_2) = x_2, and f^′_2(x_1, x_2) = x_1 ∨ x_2 and description c_3 + d_1. The second has functions

f^{′′}_1 (x_1, x_2) = x_2 and f^{′′}_2 (x_1, x_2) = x_1

and description 2c_1 + c_2. Using the identity function from V^′ to V^{′′} as the bijection h, a FAN with description 2c_1 + c_2 + c_3 + d_1 may be given as on the right in Figure 9. This FAN has functions

f_1(x_1, x_2, x_3) = (x_2 ∧ x_3) ∨ (x_2 ∧ x_3) = x_2 f_2(x_1, x_2, x_3) = ((x_1 ∨ x_2) ∧ x_3) ∨ (x_1 ∧ x_3) = (x_1 ∧ x_3) ∨ (x_2 ∧ x_3) ∨ (x_1 ∧ x_3) f_3(x_1, x_2, x_3) = x_3

and state space also depicted on the right in Figure 9.

5 Open Questions

This paper addresses the problem of describing the structure of the state space of a TAN as a function of the adjacency relations of its underlying digraph and its thresholds without actually ”running” the network. Some questions are answered but a lot more are left open. One obvious open question is to give a description of the limit point structure of an arbitrary TAN over the complete digraph. This was done in this paper only for positive and negative TANs of this kind. Another, more general, question would be to extent these or related results to TANs over different underlying digraphs. Further, related to the composition and decomposition of TANs, it would be very interesting to investigate whether an algebraic formula may be given for the description of the TAN that results by taking the product graph and product threshold structure of two TANs in terms of the description of these TANs. Finally, pertaining to finite control issues on TANs, a point of interest would be to investigate whether controlling some aspects of a TAN corresponds nicely to optimizing or, otherwise changing, in a specific way, quantities related to the description of the TAN. This would transform combinatorial control problems to algebraic, opening the possibility of applying powerful algebraic tools for their solution.

Acknowledgements:

The author wishes to thank Dr. Abdullah Taha for his valuable help in setting up simulation experiments that inspired, verified and provided examples for some of the results in the paper.

References

[1] Barrett, C.L., and Reidys, C.M., Elements of a Theory of Simulation I: Sequential CA Over Random Graphs, Applied Mathematics and Computation, Vol. 98 (1999), pp. 241-259

[2] Barrett, C.L., Mortveit, H.S., and Reidys, C.M., Elements of a Theory of Simulation II: Sequential Dyanamical Systems, Applied Mathematics and Computation, Vol. 107 (1999), pp. 121-136

[3] Goles, E., and Martínez, S., Neural and Automata Networks Dynamical Behavior and Applications, Mathematics and its Applications, Kluwer Academic Publishers, Dordrecht, 1990

[4] Laubenbacher, R., and Pareigis, B., The Category of SDS, (Preprint)

[5] Liu, C. L., Introduction to Combinatorial Mathematics, McGraw-Hill Book Co., New York, Toronto, Ont.-London, 1968

[6] Voutsadakis, G., Threshold Agent Networks: An Approach to Modeling and Simulation, Submitted to Applied Mathematics and Computation

[7] Voutsadakis, G., A Categorical Approach to Threshold Agent Networks, Submitted to Advances in Applied Mathematics

[8] Voutsadakis, G., The Categories of Finitary Binary Functions and Finite Automata Networks, Submitted to Discrete Event Dynamic Systems