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Index of Symbols

(A, a)a∈A ⊧g ϕ The Value of ϕ in(A, a)a∈A is g, 176

(B, ba)a∈A LA-Structure
Corresponding to theL-Structure B, 176

BΘ Subuniverse Generated by B
and Θ, 166

C (Closure) G-Operator on a
G-Algebra, 89

C Structural Closure Operator, 8

C(Γ) G-Theory Generated by the
G-Set of Formulas Γ, 25

C ≤ C ′ Weaker Than, 9

C∗ Closure G-Operator C/Ω̃(L)
for a G-Logic L = ⟨A,C⟩,
101

CL Closure G-Operator Induced
by a G-Logic, 109

CA Closure Operator Induced by
the G-Algebra A, 39

CK Closure Operator Induced by
the Class K of G-Algebras,
39

CK Equational Consequence
Operator Induced by the
Class K of L-Algebras, 9

CL Closure G-Operator Induced
by a Class L of G-Logics,
109

CM Closure Operator Induced by
the Class M of
G-Matrices, 27

CM Consequence Operator

Induced by the Class of
Matrices M, 9

CA Closure Operator Induced by
the G-Matrix A, 27

D(A) Diagram of A, 176

Dℓ(A) Leibniz Diagram of A, 176

E comp F G-Congruence E
Compatible With G-Filter
F , 86

EE G-Filter Corresponding to the
G-Congruence E, 49

Et Translation Associated With
the Hybrid Translation E,
45

Eϕ,ψ Instantiation of E to ϕ ≈ ψ,
43

FF G-Congruence Corresponding
to the G-Filter F , 51

F t Translation Associated With
the Hybrid Translation F ,
46

F δ≈ε
A

Filter Generated by the
Translation δ ≈ ε on the
Algebra A, 11

HK ∶ Th(SK)→ Th(S) Operator
Associated with a
G-Algebraic Semantics, 58

L(A) Infinitary Conjunctions of
Leibniz Sentences of LA,
176

[F ]Ω ∼Ω-Equivalence Class of F ,
130

[X] Universe of Subalgebra
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Generated by X , 145
∆(x, y) Translation from

Equations to Formulas, 10
∆ ∶ SK → S Interpretation from SK

to S , 11
∆A Least G-Congruence on an

G-Algebra A, 76
Γ ≤f ∆ Γ ≤ ∆ and Γ Finite, 26
Γ ⊧ Φ Semantic Consequence

(based on Full Model
Class), 171

Γ ⊧∗ Φ Semantic Consequence
(based on Reduced Model
Class), 171

Γϕ Instantiation of Γ to ϕ, 43
Ω Leibniz Operator on the

Formula Algebra, 36
Ω(Th(S)) Complete Lattice of

the Images of Theories
Under the Leibniz
Operator, 67

Ω(A) Leibniz G-Congruence of A,
36

Ω(A) Leibniz G-Congruence of A,
153

Ω(A) Leibniz G-Congruence of
the G-Matrix A, 87

Ω(A) Leibniz Congruence of the
Matrix A, 10

ΩA Leibniz Operator on the
Algebra A, 10

ΩA(F ) Leibniz G-Congruence of
F on A, 36

ΩA(F ) Leibniz Congruence of the
Matrix A = ⟨A, F ⟩, 10

ΩA ∶ GA → Gon(A) Leibniz
Operator on A, 36

ΩA Leibniz Operator of G-AlgebraA, 89
ΩA(F ) Leibniz G-Congruence of

the G-Matrix A = ⟨A, F ⟩,
87

ΩK(Th(S)) Complete Lattice on
ΩK(Th(S)) Under the

Order Inherited by
Th(SK), 60

ΩK ∶ Th(S)→ Th(SK) Operator
Associated with a
G-Algebraic Semantics, 58

Φ = {Φg ∶ g ∈ G} Graded Collection
of L-Formulas, 170

Θ G-Congruence, 29
ΘA,h G-Kernel Induced by a

G-Algebra A = ⟨A,E⟩ and
an h ∶ FmL(V )→A, 68

Θ̄ G-Congruence Induced by Θ,
160

Θ̄ Reduced G-Congruence
Induced by Θ on A/Θ̂, 76

A = ⟨A,FA⟩ Underlying
F -Algebra of L-Structure
A, 141

A = ⟨A,LA⟩ L-Algebra, 9
A∗ Underlying Algebra of A∗, 169
FiS(A) = ⟨FiS(A),⊆⟩ Complete

Lattice of S-Filters on an
Algebra A, 9

FmL(V ) Absolutely Free Algebra
of L-Formulas, 23

FmL(V ) = ⟨FmL(V ),L⟩
Absolutely FreeL-Algebra, 85

Gon(A) = ⟨Gon(A),≤⟩ Complete
Lattice of G-Congruences
on A, 31, 152

Gon(L) Complete Lattice of
Logical G-Congruences of
L, 91

Gon(A) = ⟨Gon(A),≤⟩ Complete
Lattice of G-Congruences
on A, 152

G = ⟨G,≤⟩ A Poset of Truth
Values With Additional
Structure, 23

Log
G
(L) = ⟨Log

G
(L),≤ →

Complete Lattice of
G-Logics over L, 25

Log
G
(A) = ⟨Log

G
(A),≤⟩ Ordered
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Set of G-Logics on the
G-Algebra A, 90

LogG(A)L Lattice of G-Logics onA Extending L, 95
Th(S) Complete Lattice of

Theories of the Logic S , 9
Th(S) = ⟨Th(S),≤⟩ Complete

Lattice of G-Theories ofS , 25
TmL(V ) Absolutely FreeL-Algebra, 142
θ̌ G-Congruence Associated With

the Stratified Congruence
θ, 33

δ(x) ≈ ε(x) Translation from
Formulas to Equations, 10

δ ≈ ε ∶ S → SK Interpretation fromS to SK, 11
Θ̂ ⊺-Stratum of Θ̂, 160
Θ̂ = Θ̂⊺ ⊺-Stratum of the Stratified

Congruence Θ̂, 76
Θ̂ = {Θ̂g ∶ g ∈ G} Stratified

Congruence Associated
With the G-Congruence
Θ, 32

Θ̂ = {Θ̂g}g∈G Stratified Congruence
Associated With Θ, 160

Θ̂g Congruence Associated With
the G-Congruence Θ and
g ∈ G, 31

ĥ ∶ h−1(B)↠s h(A) Reductive
Morphism Induced by
h ∶ A→B, 149⟨ϕ,ψ⟩ L-Equation, 29

↔ Biconditional, 34
E Operator of Expansions, 171
F Operator of Filter Extensions,

171
H Operator of Morphic Images,

171
L Reduction Operator, 171
L(K) Class of Tarski Reductions

of Structures in K, 171
O ≤ O′ Ordering of Class

Operators, 171
OO′ Composition of Class

Operators, 171
O∗ Class Operator LO, 171
P Operator of Direct Products,

171
R Operator of Reductions, 171
S Operator of Substructures, 171
L/Θ Quotient G-Logic of L by Θ,

97
L = ⟨A,C⟩ G-Logic on the

G-Algebra A, 90
L ≤ L′ Weaker Than, 90
L∗ = L/Ω̃(L) Reduction of a

G-Logic L, 101
S = ⟨FmL(V ),C⟩ Sentential

G-Logic, 103
S∗ = S/Ω̃(S) Lindenbaum-Tarski

Quotient of S, 109
SL Sentential G-Logic Induced by

the G-Logic L, 110
SL Sentential G-Logic Induced by

the Class L of G-Logics,
110A/Θ Quotient G-Algebra of A by
Θ, 78A = ⟨A,E⟩ G-Algebra, 38A = ⟨A,E⟩ Underlying G-Algebra
of L-Structure A, 141A ≤ A′ A a Subalgebra of the
G-Algebra A′, 84A ⊆sd ∏i∈I Ai A Subdirect Product
of the G-Algebras Ai, 84A∗ Algebra A/Ω̃(L) for a G-Logic
L = ⟨A,C⟩, 101A∗ Underlying G-Algebra of A∗,
169AE = ⟨A,EE⟩ G-Matrix
Corresponding to
G-Algebra A, 49C Collection of Closed G-Sets of
C, 90E Translation from G-Formulas to
G-Equations, 41
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E ∶ S → SK Interpretation from a
G-Logic S to a G-2-LogicSK, 42Eh Hybrid Translation Associated
With the Translation E , 45F Translation from G-Equations
to G-Formulas, 42F ∶ SK → S Interpretation from a
G-2-Logic SK to a G-LogicS , 42FΘ = ⟨FmL(V ),Θ⟩ G-Algebra on
FmL(V ) Induced by the
G-Congruence Θ, 68Fh Hybrid Translation Associated
With the Translation F ,
46Fm∗

L
(V ) = FmL(V )/Ω̃(S)

Lindenbaum-Tarski
Algebra of S, 109FmL(V ) = ⟨FmL(V ),∆FmL(V )⟩
Absolutely Free
G-Algebra, 85L Logical Language, 23LA, Expansion of L by Constants
for Elements of A, 176S = ⟨L,C⟩ G-2-Logic, 38S = ⟨L,C⟩ G-Logic, 24S = ⟨L,C⟩ Sentential Logic, 8S = ⟨L,Th(S)⟩ Sentential Logic, 9S = ⟨L,⊢⟩ Sentential Logic, 8S ≤ S ′ S is a Sublogic of S ′, 24S ≤ S ′ S ′ is an Extension of S , 24S ≤ S ′ Weaker Than, 9SK = ⟨L,CK⟩ G-2-Logic Induced by
the Class K of G-Algebras,
40SK = ⟨L,CK⟩ Equational Logic
Induced by the Class K ofL-Algebras, 9SM = ⟨L,CM⟩ G-Logic Induced by
the Class M of
G-Matrices, 28SM = ⟨L,CM⟩ Logic Induced by the
Class of Matrices M, 9

TmL(V ) G-Algebra of L-Terms,
142

K∗ Class of Tarski Reductions of
Structures in K, 171

KV Universal Atomic Class
Generated by a Class ofL-Structures, 184

KE = {AE ∶ A ∈ K} Class of
G-Matrices Corresponding
to the Class K of
G-Algebras, 49

KV ∗ Universal Atomic Class
Generated by a Class ofL-Structures, 184

Log
G
(L) Collection of G-Logics

over L, 24
L∗ Collection of Reductions of

G-Logics in the Class L,
101

Mod(Φ) Full Model Class of Φ,
170

Mod∗(Φ) Reduced Model Class of
Φ, 170

M∗ Class of Reductions of
G-Matrices in the Class
M, 89

MF = {AF ∶ A ∈M} Class of
G-Algebras Corresponding
to the Class M of
G-Matrices, 51

A/Θ Quotient of A by Θ, 162
A/Θ = ⟨A/Θ, F̄ ⟩ Quotient

G-Matrix of A by Θ, 86
A = ⟨A,FA,RA⟩ L-Structure, 141
A = ⟨A, F ⟩ G-Matrix, 27
A = ⟨A, F ⟩ Logical Matrix, 9
A = ⟨A, F ⟩ G-Matrix, 86
A ≡B A and B Elementarily

Equivalent, 145
A ⊧X ϕ The Universal Closure ∀ϕ

Satisfies A ⊧X ∀ϕ, 144
A ⊧X ϕ(x1, . . . , xk)[a1, . . . , ak] For

h, such that h(xi) = ai, for
all 1 ≤ i ≤ k, A ⊧ ϕ[h], 144
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A ⊧X ϕ[h] For X ⊆ G, ϕA[h] ∈X ,
144

A ≾B B a Filter Extension of A,
145

A ⊆B A a Substructure of B, 145
A ⊆e B A Elementary

Substructure of B, 145
A∗ Leibniz Quotient of A, 169
A∗ = A/ΩA(F ) Reduction of the

G-Matrix A, 89
AF = ⟨A, FF⟩ G-Algbera

Corresponding to
G-Matrix A, 51

A↾X Substructure of A Generated
by X , 145

BΘ Substructure Generated by
BΘ, 166∇A Largest G-Congruence on an
G-Algebra A, 76

P Class Operator P Applied with
Nonempty Index Sets, 171

πΘ ∶ A→ A/Θ Quotient
G-Morphism, 78

πi ∶∏i∈I Ai → Ai i-th Projection
G-Morphism, 84

πΘ Canonical Projection
Morphism, 162

∏i∈I Ai Direct Product of
G-Algebras, 83

∏i∈I Ai Direct Product ofL-Structures, 150
→ Implication, 34
Cl(C) Collection of Closed G-Sets

of C, 90
Cl(L) Collection of Closed G-Sets

of L = ⟨A,C⟩, 90
Gon(L) Collection of Logical

G-Congruences of L, 91
Log

G
(A) Collection of G-Logics

on the G-Algebra A, 90
θ = {θg ∶ g ∈ G} Stratified

Congruence, 32
ϕ(x1, . . . , xn) Formula With Free

Variables Among

x1, . . . , xn, 142

ϕ ≈ ψ L-Equation, 29
ϕA[h] Truth Value of anL-Formula ϕ in a

Structure A Under an
Assignment
h ∶ TmL(V )→A, 142

⊢ Structural Consequence
Relation, 8

Ê Lifting of the G-Set of
Equations E, 44

Γ̂ Lifting of the G-Set of Formulas
Γ, 44

H̃A(Θ) G-logic on A projectively
generated from⟨A/Θ,FiS(A/Θ)⟩ by
πΘ̂ ∶ A→ A/Θ, 120

Ω̃(L) Tarski G-Congruence of L,
91

Ω̃A Tarski Operator on the
G-Algebra A, 91

Ω̃A(C) Tarski G-Congruence of
L = ⟨A,C⟩, 91

a∗ Element in A∗ Corresponding
to a ∈ A., 169

e G-Equality Relation Symbol,
145

fA Interpretation of Function
Symbol f in theL-Structure A, 141

h(A) Image of A′ ⊆ A under
h ∶ A→B, 147

h ∶ L ≅ L′ (Logical)
G-Isomorphism, 96

h ∶ L → L′ Logical G-Morphism, 92

h ∶ L →b L
′ Bilogical G-Morphism,

93

h ∶ A→ A′ G-Algebra Morphism,
77

h ∶ A→ A′ G-Morphism, 77

h ∶ A↣ B G-Embedding, 146

h ∶ A ≅B Isomorphism ofL-Structures, 146
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h ∶ A→B Morphism ofL-Structures, 145
h ∶ A→e B Elementary Morphism

of L-Structures, 149
h ∶ A→s B Strict Morphism, 146
h ∶ A↣B Embedding ofL-Structures, 146
h ∶ A↣s B Strict Embedding ofL-Structures, 146
h ∶ A↠B Epimorphism ofL-Structures, 146
h ∶ A↠s B Reductive Morphism

of L-Structures, 146
h−1(B′) Preimage of B′ ⊆B

under h ∶ A→B, 147
j ∶ A ↪sd ∏i∈I Ai Subdirect

Embedding, 84
rA Interpretation of Relation

Symbol r in theL-Structure A, 141
Con(A) = ⟨Con(A),⊆⟩ Complete

Lattice of Congruences of
A, 10

Th(S) Complete Lattice of
S-Theories, 105

Th(SK) = ⟨Th(SK),≤⟩ Complete
Lattice of G-2-Theories ofSK, 41≤ Pointwise Ordering of Functions
in GX , 23

Alg(S) Class of S-Algebras, 116
Alg∗(S) Class of G-Algebraic

Reducts of Reduced
S-Matrices, 108

Atm(K) Atomic Formulas
“Satisfied in K, 181

Cl(L)∗ Quotient G-Sets
Cl(L)/Ω̃(L) for a G-Logic
L = ⟨A,C⟩, 101

Con(A) Collection of Congruences
of the Matrix A, 10

EqL(V ) Set of L-Equations, 9, 29
FMod(S) Class of Full G-Models

of S, 113

FMod∗(S) Class of Reduced Full
G-Models of S, 113

FModS(A) Class of Full G-Models
of S on A, 113

Fi
☀
S
(A) Collection of Leibniz

S-Filters, 129

FiS(A) Collection of S-Filters onA, 104
FiS(A) Collection of S-Filters on

A, 28

FiS(A) Collection of S-Filters on
an Algebra A, 9

FmL(V ) Collection ofL-Formulas, 140

FmL(V ) Set of L-Formulas, 23

Gon(A) Collection of
G-Congruences on A, 30,
151

Gon(A) Collection of
G-Congruences on A, 152

Gon(A) Collection of
G-Congruences on the
(Reduced) G-Algebra A,
78

Gon(A) Collection of
G-Congruences of a
G-Matrix A, 86

Gon(A) Collection of
G-Congruences on A, 34,
152

GonK(A) Collection of all
K-G-Congruences on the
G-Algebra A, 85

Ker(h) G-Kernel of h ∶A→B,
154

Mat(S) Collection of S-Matrices,
104

Mat∗(S) Collection of Reductions
of S-Matrices, 104

Mod(S) Collection of G-Models of
S, 111

Th(S) Collection of S-Theories,
105
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Th(S) Collection of G-Theories ofS , 25
Th(S) Set of Theories of the

Logic S , 9
Th(SK) Collection of

G-2-Theories of SK, 40
TmL(V ) Collection of L-Terms,

140∼Ω Relation on FiS(A), 129


